«=- (#This notebook is an ancillary file and
contains supplemental material for the article
"The Dirac equation as a linear

tensor equation for one component”.
Long lines of output are truncated in
the .pdf version of this notebook,
but the reader can view the notebook using
the free-of-charge Wolfram Player.
The notebook consists of 10 fragments,
which should be evaluated in succession.
Evaluation of each of them takes no more
than 2 minutes on the author's desktop.
Mathematica version is 11.3.0.0. Short
comments are provided at the end of
the output of each fragment.x)
a = {{all, al2}, {a21, a22}}; MatrixForm[a]

a
ah = ConjugateTranspose[a]; MatrixForm[ah]
llahll

z2 = {{0, O}, {O, O}}; MatrixForm[z2]
"22"

sl = {{0, 1}, {1, ©}}; MatrixForm[sl]
s2 = {{0, -1}, {I, ©}}; MatrixForm[s2]
s3 = {{1, 0}, {O, -1}}; MatrixForm[s3]
"s1-3"
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iun2 = {{1, 0}, {O, 1}}; MatrixForm[iun2]

"iun2"

taut = Array[z2 &, 4];
taut[[1]] = -iun2;
taut[[2]] = s1;
taut[[3]] = s2;
taut[[4]] = s3;

rhot = Array[z2 &, 4];
rhot[[1]] = -iun2;
rhot[[2]] = -s1;
rhot[[3]] = -s2;
rhot[[4]] = -s3;

taub = Array[z2 &, 4];
taub[[1]] = -iun2;
taub[[2]] = -s1;
taub[[3]] = -s2;
taub[[4]] = -s3;

lor = Array [0 &, {4, 4}];
For[i=1, i<4, i++,

For[j=1, j<4, j++, lor[[i, j]] = FullSimplify]
(1/2) Tr[rhot[[i]].a.taub[[j]].ah]]11:];
MatrixForm[lor]
"lor™
matl =
{{all, al2, a21, a22}, {a21, a22, all, al2},



lorentz4.nb | 3

{-Ta21, -TIa22, Iall, Ial2},
{all, al2, -a21, -a22}}; MatrixForm[matl]
"matl”
mat2 = { {Conjugate[all], Conjugate[al2],
-I Conjugate[al2], Conjugate[all]},
{Conjugate[al2], Conjugate[all],
I Conjugate[all], -Conjugate[al2]},
{Conjugate[a21], Conjugate[a22],
-I Conjugate[a22], Conjugate[a2l1]},
{Conjugate[a22], Conjugate[a2l],
I Conjugate[a21], -Conjugate[a22]}};
MatrixForm[mat2]
"mat2"
mat3 = matl.mat2/2; MatrixForm[mat3]
"mat3"”
FullSimplify[mat3 - lor]
g0 = Join[Join[z2, -iun2, 2],
Join[-iun2, z2, 2]]; MatrixForm[gO]
gl = Join[Join[z2, s1, 2], Join[-s1, z2, 2]];
MatrixForm[gl]
g2 = Join[Join[z2, s2, 2], Join[-s2, z2, 2]];
MatrixForm[g2]
g3 = Join[Join[z2, s3, 2], Join[-s3, z2, 2]];
MatrixForm[g3]
g5 = Join[Join[iun2, z2, 2],
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Join[z2, -iun2, 2]]; MatrixForm[g5]
"gfd-1-2-3-5"

Out[598]//MatrixForm=

(all a12)
a2l a22

ou599=

Out[600]//MatrixForm=

Conjugate[all] Conjugate[a2l]
Conjugate[al2] Conjugate[a22]

outeo1l= g h

Out[602]//MatrixForm=
0 0
0out[603]= ZZ

Out[604]//MatrixForm=
Out[605]//MatrixForm=

1 0
Out[606]//MatrixForm=

o 1)

oueor= S 1 - 3

Out[608]//MatrixForm=

o1

0out[609]= i un 2
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Out[626]//MatrixForm=

> (Abs[all]? + Abs[a12]? + Abs [

%—(a21Conjugate[a11]-ra22Conjugate[a12]-Fallc
> 1 (-a21Conjugate[all] - a22 Conjugate[al2] +all
> (Abs[al1]? + Abs[a12]? - a21 Conjugate|
ouez- 1O

Out[628]//MatrixForm=

all al2 a2l a22
a2l a22 all al2
~-1a21 -1a22 1all 1al2
all al2 -a21 -a22

ouszol= NA t 1
Out[630]//MatrixForm=

Conjugate[all] Conjugate[al2] -1 Conjugate[al2]
Conjugate[al2] Conjugate[all] 1 Conjugate[all]
Conjugate[a2l] Conjugate[a22] -1 Conjugate[a22]
Conjugate[a22] Conjugate[a2l] 1 Conjugate[a2l]

ouezt= MNaA t 2
Out[632]//MatrixForm=

(all Conjugate[all] + al2 Conjugate[al2] + a2

1
2
%—(a21Conjugate[a11]-ra22Conjugate[a12]-+a1

1 ' . ' ° '
> (-1 a2l1 Conjugate[all] - 1 a22 Conjugate[al2] +1

> (allConjugate[all] +al2 Conjugate[al2] - a2

ouezs- MAT3
Out[634]= {{@, @, @, @}, {@, @) @) @})
{0, 0, 0, 0}, {0, 0,0, 0})
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Out[635]//MatrixForm=

V)
[
=
Y
)

Out[636]//MatrixForm=

OO0
|

- @0
O 0o Fro
OO0

-1

Out[637]//MatrixForm=

)

Out[638]//MatrixForm

© ocoo L

I
=

|

=
RPOO®O® OH OO o
OO0 0O O©®

Out[639]//MatrixForm=

OO0 OO0

O o000 R
OO0 FrRro
[
®|_\®®
I
=

Out[640]= g@—1—2—3— 5
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sl, s2, s3 — Pauli matrices; taut[[1]], taut[[2]], taut[[3]], taut[[4]] — matrices 7%, 71, 72, 73
from [17] (7" is that from [17] times -1 because of the different choice of 7" in [17]);
rhot[[1]], rhot[[2]], rhot[[3]], rhot[[4]] — matrices p°, p', p?, p* from [17] (p” is that from [17]
times -1 because of the different choice of 4" in [17]); taub[[1]], taub[[2]], taub[[3]], taub[[4]]

matrices 7o, 71, 72, 73 from [17] (7" is that from [17] times -1 because of the different choice

of v* in [17]); a — matrix s in the following matrix transforming the spinor:

)

lor — the Lorentz transformation matrix A = (A*,)) corresponding to matrix s. lor is calcu-

out[641]=

lated using equation (60) of [17] with modified py and 7. mat3 is calculated using equation

(62) of [17] with modification due to the choice of 7. lor and mat3 coincide.

w2 Ch = Join[Join[-Is2, z2, 2],
Join[z2, Is2, 2]]; MatrixForm[ch]
Ilchll

sigol

I (g0.81 - g1.g0) /2; MatrixForm[sig@1l]
"sigol
sige2 = I (g0.g2 - g2.g0) /2; MatrixForm[sig02]
"sig02
sigl3 = I (g0.g3 - g3.89) /2; MatrixForm[sigo3]
"sig03
sigl2 = I (gl.g2 - g2.g1) /2; MatrixForm[sigl2]
"sigl2
sigl3 = I (gl.g3 - g3.g1) /2; MatrixForm[sigl3]
"sigl3
sig23

I (g2.83 - g3.82) /2; MatrixForm[sig23]
"sig23"

chi = {{chil}, {chi2}, {chi3}, {chi4}};
MatrixForm[chi]
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"chi"
zet = {{zetl}, {zet2}, {zet3}, {zetd}};
MatrixForm[zet]
"zet"
ch = Join[Join[-Is2, z2, 2],
Join[z2, Is2, 2]]; MatrixForm[ch]
TP
spfi = {{0, O, O, 0O},
{0, 0, 0, 0}, {0, ©, O, O}, {0, O, O,
0}}; MatrixForm[spfi]
chit = Transpose[chi]; MatrixForm[chit]

"chit"

chitch = chit.ch; MatrixForm[chitch]
"chitch"

chit = Transpose[chi]; MatrixForm[chit]
"chit"

chih = Conjugate[chit]; MatrixForm[chih]
"chih"

chidj = chih.go; MatrixForm[chidj]
"chidj"

zett = Transpose[zet]; MatrixForm[zett]
"zett"

zeth = Conjugate[zett]; MatrixForm[zeth]
"zeth"

zetdj = zeth.g@; MatrixForm[zetdj]
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"zetdj"
zetch = ch.Transpose[zetdj]; MatrixForm[zetch]
"zetch"
spfi[[1, 2]] = FullSimplify][
Flatten[chidj.sig@l.zetch] [[1]]];
spfi[[1, 3]] = FullSimplify[
Flatten[chidj.sig@2.zetch] [[1]]];
spfi[[1, 4]] FullSimplify[
Flatten[chidj.sig@3.zetch] [[1]]];
spfi[[2, 3]] = FullSimplify][
Flatten[chidj.sigl2.zetch] [[1]]];
spfi[[2, 4]] = FullSimplify[
Flatten[chidj.sigl3.zetch] [[1]]];
spfi[[3, 4]] = FullSimplify][
Flatten[chidj.sig23.zetch][[1]]];
spfi[[2, 1]] = -spfi[[1, 2]];
spfi[[3, 1]1] = -spfi[[1, 3]1];
spfi[[4, 1]] = -spfi[[1, 4]];
spfi[[3, 2]] = -spfi[[2, 3]1;
spfi[[4, 2]] = -spfi[[2, 4]];
spfi[[4, 3]] = -spfi[[3, 4]1];
MatrixForm[spfi]
"spfi"

spfitop =
spfi /. {chi3 - 0, chi4 - 0, zet3 - 0,
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zet4 » 0}; MatrixForm[spfitop]
"spfitop"
spfibot =
spfi /. {chil - @0, chi2 - 0, zetl - 0O,
zet2 » 0}; MatrixForm[spfibot]
"spfibot"
a = {{all, al2}, {a2l1, a22}}; MatrixForm[a]
ngm
(#alpha-»all,beta—al2,gamma—»a2l,delta—»a22x«)
adinv =
FullSimplify[Inverse[Transpose[Conjugate[a]]]]
"adinv"
FullSimplify[Transpose[Conjugate[a]] .adinv /.
a22 » (1+al2a2l1) /al]
"Transpose[Conjugate[a]] .adinv/.a22- (1+al2
a2l) /al”
gg={{1, o, 0, 0}, {0, -1, 0, 0}, {0, 0, -1, 0},
{6, 0, 0, -1}}; MatrixForm[gg]
gg"
mat4 = FullSimplify[Transpose[mat3].gg.mat3];

MatrixForm[mat4]
"mat4"
MatrixForm]
FullSimplify[mat4 /. {a22 » (1 +a2l1al2) /all}]]
spfi5Stop = FullSimplify[
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spfitop /. {zetl » all zetl + al2 zet2, zet2 »
a2l zetl + a22 zet2, chil -» all chil + al2 chi2,
chi2 -» a21 chil + a22 chi2}];
MatrixForm[spfi5top]
"spfi5top"
spfi6top =
FullSimplify[mat3.spfitop.Transpose[mat3]];
MatrixForm[spfi6top]
"spfi6etop"
MatrixForm[FullSimplify[spfi5top - spfi6top /.
{a22 » (1 +a2l1al2) /all}]]
"spfi5top-spfi6top™
spfi6éctop = FullSimplify|[
mat3.Conjugate[spfitop].Transpose[mat3]];
MatrixForm[spfi6ctop]
"spfiéctop”
spfi5ctop = FullSimplify[Conjugate[spfitop] /.
{zetl » all zetl + al2 zet2, zet2 >
a2l zetl + a22 zet2, chil -» all chil + al2 chi2,
chi2 » a21 chil + a22 chi2}];
MatrixForm[spfi5ctop]
"spfi5ctop”
MatrixForm[FullSimplify[spfi5ctop - spfi6ctop /.
{a22 » (1 +a2l1al2) /all}]]
"spfi5ctop-spfi6ctop™
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spfi5bot =
FullSimplify[Conjugate[spfibot] /. {zet3 >
Conjugate[a22] zet3 - Conjugate[a2l] zet4,
zet4 » -Conjugate[al2] zet3 +
Conjugate[all] zet4, chi3 -
Conjugate[a22] chi3 - Conjugate[a21] chi4,
chi4 » -Conjugate[al2] chi3 +
Conjugate[all] chid}];
MatrixForm[spfi5bot]
"spfi5Sbot™
spfiébot = FullSimplify[
mat3.Conjugate[spfibot] .Transpose[mat3]];
MatrixForm[spfi6bot]
"spfi6bot™
MatrixForm[FullSimplify[spfi5bot - spfi6bot /.
{222 -» (1 +a21al2) /all}]]
"spfiSbot-spfi6bot™
spfi5Sncbot = FullSimplify|
spfibot /. {zet3 -» Conjugate[a22] zet3 -
Conjugate[a2l] zet4d, zetd »
-Conjugate[al2] zet3 + Conjugate[all] zet4,
chi3 - Conjugate[a22] chi3 - Conjugate[a21]
chi4, chi4 » -Conjugate[al2] chi3 +
Conjugate[all] chid}];
MatrixForm[spfi5ncbot]
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"spfibSncbot™
spfiéncbot =
FullSimplify[mat3.spfibot.Transpose[mat3]];
MatrixForm[spfi6éncbot]
"spfiébncbot™
MatrixForm|
FullSimplify[spfi5ncbot - spfiébncbot /.
{a22 » (1 +a21al2) /al1l}]]
"spfi5Sncbot-spfiéncbot™
MatrixForm[spfitop]
spfitopd =
FullSimplify[ (1/2) Activate[TensorContract]|
Inactive[TensorProduct] [spfitop,
LeviCivitaTensor[4], gg, ggl,
{{1, 7}, {2, 9}, {5, 8}, {6, 10}}]11];
MatrixForm[spfitopd]
"spfitopd"
FullSimplify[MatrixForm[spfitop + I spfitopd]]
"FullSimplify[MatrixForm[spfitop+I spfitopd]]™
FullSimplify[MatrixForm[Conjugate[spfitop] -
I (1/2) Activate[TensorContract]
Inactive [TensorProduct] [Conjugate][
spfitop], LeviCivitaTensor[4], gg, gg],
{{1, 7}, {2, 9}, {5, 8}, {6, 10} }]11]]
"FullSimplify[MatrixForm[spfitop”*-1I
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spfitopd**]]1"
(*FullSimplify[MatrixForm[
Conjugate[spfibot]+I (1/2) Activate][
TensorContract[Inactive[TensorProduct] |
Conjugate[spfibot],LeviCivitaTensor[4],
g8, 881,{{1,7},{2,9},{5,8},{6,10}}111]
"FullSimplify[MatrixForm[spfibot”*%+I
spfibotd”x]]"*)
spfibotd = FullSimplify[ (1/2) Activate]
TensorContract[Inactive[TensorProduct] |
spfibot, LeviCivitaTensor[4], gg, gg1,
{{1, 7}, {2, 9}, {5, 8}, {6, 10}}]111];
MatrixForm[spfibotd]
"spfibotd"
FullSimplify[MatrixForm[spfibot - I spfibotd]]
"FullSimplify[MatrixForm[spfibot-I spfibotd]]"
FullSimplify[MatrixForm[Conjugate[spfibot] +
I (1/2) Activate[TensorContract]
Inactive [TensorProduct] [Conjugate][
spfibot], LeviCivitaTensor[4], gg, gg],
{{1, 7}, {2, 9}, {5, 8}, {6, 10}}]11]]
"FullSimplify[MatrixForm[spfibot”*+I
spfibotd”x]]1"



Out[42}/MatrixForm=
%)
1
%)
%)

ougess= C h

0 1
1 0O
0 0
0 0O
e $1g01

Out[646]//MatrixForm=

%
-1

0

0

ouear= S i g@ 2

Oufo4s)MatixForm=
1 0
0 -1
0 ©
0 ©

OO0

outesl= S i g@ 3

-1

P O®OOd

Q)

-1

%)

H--©®© ®© ®
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Out[650]//MatrixForm=

1 ©
0 -1
0 0
0 0

O ro0o
OO0 0

oues1= S igl 2

Out[652]//MatrixForm=

%)
-1

%)

%)

OO0 F
OO0 0
O EH OO0

ouess= S i g 1 3

Out[654]//MatrixForm=

0 1
10
0 0

P O®OOOd
OroO0o

0 O
outfessl= S i g 2 3

Out[656]//MatrixForm=

chil
chi2
chi3
chi4

outes7=  C h 1

Out[658]//MatrixForm=

zetl
zet2
zet3
zetd

outes9= 7. et
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Out[660]//MatrixForm=

Oroo0o

%
1
%)
%)

outestl= C h

Out[662]//MatrixForm=

OO0 O

0 0 0
0 0 0
0 0 0
O 0 0

Out[663]//MatrixForm=

(chil chi2 chi3 chi4)

outessl= C h i t

Out[665]//MatrixForm=

(chi2 -chil -chi4 chi3)
aess- Chitch

Out[667]//MatrixForm=

(chil chi2 chi3 chi4g )

L3
outeesl= C h 1 t
Out[669]//MatrixForm=

( Conjugate[chil] Conjugate[chi2] Conjugate[chi3’

oute7o)= C h i h

Out[671]//MatrixForm=

( —Conjugate[chi3] -Conjugate[chi4] -Conjugate]|c
oute72= C h i d j

Out[673]//MatrixForm=

(zetl zet2 zet3 zetd)

oute74= 7. et t
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Out[675]//MatrixForm=

( Conjugate[zetl] Conjugate[zet2] Conjugate[zet3’

outfe76l= 7, et h

Out[677]//MatrixForm=

( —Conjugate[zet3] -Conjugate[zetd4] -Conjugate]|z
oue78)= 7. et d j

Out[679]//MatrixForm=

Conjugate|[zet4]

-Conjugate|[zet3]

—~Conjugate|[zet2]

Conjugate[zetl]
oo Z@TCh

Out[692]//MatrixForm=

-1 (Conjugate[chil] Conjugate[zetl] - Conjugate|c
~Conjugate[chil] Conjugate[zetl] - Conjugate[ch
i (Conjugate[chi2] Conjugate[zetl] + Conjugate|ct

oue93= S p 'F i

Out[694]//MatrixForm=

0
-1 (Conjugate[chil] Conjugate[zetl] - Conjugate|c
—~Conjugate[chil] Conjugate[zetl] - Conjugate[ch
i (Conjugate[chi2] Conjugate[zetl] + Conjugate|ct
s SpFitop

Out[696]//MatrixForm=

0
-1 (Conjugate[chi3] Conjugate[zet3] - Conjugate|c
—~Conjugate[chi3] Conjugate[zet3] - Conjugate[ch
i (Conjugate[chi4] Conjugate[zet3] + Conjugate|ct

wr spFibot
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Out[698]//MatrixForm=

(all a12)
a2l a22

oue99= g

oo { {CONJjugate[a22] /
(-Conjugate[al2] Conjugate[a2l] +
Conjugate[all] Conjugate[a22]), Conjugate]|
a2l] / (Conjugate[al2] Conjugate[a2l] -
Conjugate[all] Conjugate[a22]) },
{Conjugate[al2] /
(Conjugate[al2] Conjugate[a2l] -
Conjugate[all] Conjugate[a22]), Conjugate]|
all] / (-Conjugate[al2] Conjugate[a2l] +
Conjugate[all] Conjugate[a22]) }}
o= @d1NV

ouroz {{1J @}, {@) 1}}
o« TPAnspose [Conjugate[a] ] .adinv/.a22- (1+al2

a21) /a1

oml7o41wr\4ameorI @ @ @
O -1 0 0
O 06 -1 ©
O 06 0 -1

out[705]= gg
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Out[706]//MatrixForm=

(al2 a2l - all a22) (Conjugate[al2] Conjugate[a2l]

(%]
(%]
(%]
ou[707}= mat4
Out[708]sfMaU'\><ForI @ @ e
O -1 0 0
© 06 -1 0
O 6 0 -1

Out[709]//MatrixForm=

-1 (Conjugate[all chil + al2 chi2] Conjugate[all ze
—Conjugate[all chil + al12 chi2] Conjugate[all zet
i (Conjugate[a2l chil + a22 chi2] Conjugate[all zet

oro- SPFL5tOp

Out[711])//MatrixForm=

i (al2a2l-alla22) (Conjugate[all]?Conjugate[ch
(al2 a21 - all a22) (Conjugate[all]? Conjugate[chi
-1 (al2 a2l - alla2

wree SPFL6TOp

Out[713]//MatrixForm=

0 0 0
0 0 0
0 0 0
0 0 0

OO0 O

outi714]= Sp'FiStOp— Sp'Fi6t0p
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Out[715]//MatrixForm=

-i (al1? chil zetl - a21” chil zetl + (al2 - a22) (al2
(a11% chil zetl + a21 (a21chil + a22 chi2) zetl
i (all (2a21chil zetl + a22 chi2 zetl +

mmkspfi6ct0p

Out[717]//MatrixForm=

%)
i ((allchil +al2chi2) (all zetl + al2 zet2) - (a2l
- (allchil + al2 chi2) (all zetl + al2 zet2) - (a2l
-1 ((a21 chil + a22 chi2) (all zetl + al2 zet2) + (al:

mmkspfiSCtOp

Out[719]//MatrixForm=

9 0 0 0
9 0 0 0
9 0 0 0O
9 0 0 0
- SpFi5ctop-spfibectop

Out[721]//MatrixForm=

i (- (chi4 Conjugate[all] - chi3 Conjugate[al2]) (z
- (chi4 Conjugate[all] - chi3 Conjugate[al2]) (ze
-1 (Conjugate[al2] ((chi4 zet3 + chi3 zet4) Con

our2l= § pf i5bot
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Out[723]//MatrixForm=

i (al2 a2l - alla22) (chi4 zet4 Conjugate[all]? - (c
(al2 a21 - all a22) (chi4 zet4 Conjugate[all]? - (ct
-1 (al2 a2l - alla22) (2chi4 zet4 Conjugatefall] C

MMFSpfi6bOt

Out[725]//MatrixForm=

0 0 0

0
O 0 0 0
O 0 0 0
%)

MmFSpfiSbOt—Spfi6bOt

Out[727]//MatrixForm=

-1 (- (al2 Conjugate[chi3] - all Conjugate[chi4d]) (
- (al2 Conjugate[chi3] - all Conjugate[chid]) (a
i (Conjugate[chid] ((al2 a2l +alla22) Con

- SpFi5ncbot

Out[729]//MatrixForm=

-1 (Conjugate[al2] Conjugate[a2l] - Conjugate[all
(Conjugate[al2] Conjugate[a2l] - Conju

i (Conjugate[al2] Conjugate[a2l] - Conjugate[all
wro- SpFibnebot
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Out[731]//MatrixForm=

0 0 0 0
© 0 0 0
O 0 0 0
© 0 0 0

wrz- SpFi5Sncbot-spfiébncbot

Out[733]//MatrixForm=

0
-1 (Conjugate[chil] Conjugate[zetl] - Conjugate|c
-Conjugate[chil] Conjugate[zetl] - Conjugate[ch
i (Conjugate[chi2] Conjugate[zetl] + Conjugate|ct

Out[734]//MatrixForm=

0
Conjugate[chil] Conjugate[zetl] - Conjugate[ch:
-1 (Conjugate[chil] Conjugate[zetl] + Conjugate|c
~Conjugate[chi2] Conjugate[zetl] - Conjugate[ch
wrs- SpFitopd

Out[736]//MatrixForm=

0 0
0 0
0 0
0 0

OO0 0O
OO0 0O

o FULLSAmplify [MatrixForm[spfitop+I spfitopd] ]

Out[738]//MatrixForm=

© 0 0 0
© 0 0 0
© 0 0 0
© 0 0 0
o FULLSImMplify [MatrixForm[spfitop”x-I spfitopd”™«]]



24 | lorentz4.nb

Out[740]//MatrixForm=

0
—~Conjugate[chi3] Conjugate[zet3] + Conjugate[ch:
i (Conjugate[chi3] Conjugate[zet3] + Conjugate|ch:
Conjugate[chi4] Conjugate[zet3] + Conjugate[chi
«ra- SpFibotd

Out[742]//MatrixForm=

0
%)
%)
%)

o= FUL1Simplify [MatrixForm[spfibot-I spfibotd] ]

Out[744]//MatrixForm=

0 0
0 0
0 0

crs- FUL1Simplify [MatrixForm[spfibot”++I spfibotd”«] ]

OO0
(OO RN RN Y



out[746]=

In[747):=

lorentz4.nb

ch — charge conjugation matrix C, sig0l, sig02, sig03, sigl2, sigl3, sig23 — matrices
o' g%, 0% o12 o' 0% chi - spinor v, zet — spinor ¢, spfitop|[i,j]] — 64, spfibot[[i,j]] — ¢,
a — matrix s, adinv — (s7)~! (note that the determinant |s| = 1).

The above computations show that '(/l”,z\#pi\”)\ = gpn , OF ATgA = g, where the met-
ric tensor with lower indices ¢ = (g,). and that replacement of \1.x2.(i, ¢ in 64 with

X1, X5, (1, ¢4 in accordance with formulas

X [ xa ¢ NS
X X2 G G2

ORI

gives the same result as ;\“p‘\”/\ﬁi cor AGLAT, so A transforms as an antisymmetric second-
rank tensor. Also, replacement of 3, x4, (3, (s in 0 with \%, \/), ¢4, ¢} in accordance with

formulas

\/3 _ (51-)71 X3 . c; _ ('J),l

X1 X4 ¢ G2

gives the same result as A* A”,6”", or AO_AT, so 6_ transforms as an antisymmetric second-
rank tensor. Similarly, 61 (complex conjugates of fy) also transform as antisymmetric
second-rank tensors.

The computations also show that
12N - v ®UVN\ L4
(0%) = (Fix0L)  (027) = (£ixb2")
where the Hodge dual of a second-rank antisymmetric tensor is defined as

. |
*Fn.i _ 76'(‘5'0}13‘.
9 YO

3~ S . . . . 2 I LS - . 0 2" -
and €779 is the totally antisymmetric Levi-Civita tensor (¢'%* = 1).

psi = {{psil}, {psi2}, {psi3}, {psid}};

MatrixForm[psi]

"psi”

psit = Transpose[psi]; MatrixForm[psit]
"psit"

psich =
ch.Transpose[ConjugateTranspose[psi] .go];

| 25
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MatrixForm[psich]

"psich"

psichch =
ch.Transpose[ConjugateTranspose[psich] .g0];

MatrixForm[psichch]

"psichch"

psi - psichch

"psi-psichch"

FullSimplify[ConjugateTranspose[psich].g0 -
Transpose[psi].ch]

"ConjugateTranspose[psich] .g@-Transpose[psi].ch"

spfip = {{o0, O, 0, O}, {0, O, O, O},
{0, 0, O, O}, {9, O, O,
0}}; MatrixForm[spfip]
"spfip"
psitch = psit.ch; MatrixForm[psitch]
"psitch"
spfip[[1, 2]] =
FullSimplify[Flatten[psitch.sig@l.psi][[1]]];
spfip[[1, 3]] = FullSimplify][
Flatten[psitch.sig02.psi][[1]1]1];
spfip[[1, 4]] = FullSimplify][
Flatten[psitch.sig@3.psi][[1]]1];
spfip[[2, 3]] = FullSimplify][



Flatten[psitch.sigl2.psi][[1]]];
spfip[[2, 4]] = FullSimplify][
Flatten[psitch.sigl3.psi][[1]1]1];
spfip[[3, 4]] = FullSimplify][
Flatten[psitch.sig23.psi][[1]]1];
spfip[[2, 1]]1 = -spfip[[1, 2]];
spfip[[3, 1]]1 = -spfip[[1, 3]1;
spfip[[4, 1]1] = -spfip[[1, 4]];
spfip[[3, 2]] = -spfip[[2, 3]];
spfip[[4, 2]] = -spfip[[2, 4]];
spfip[[4, 3]] = -spfip[[3, 4]];
MatrixForm[spfip]
"spfip"
spfipbot = spfip /. {psil -» O, psi2 - 0};
MatrixForm[spfipbot]
"spfipbot"”
spfiptop = spfip /. {psi3 -» O, psi4 - 0};
MatrixForm[spfiptop]
"spfiptop"
MatrixForm[chi]
"chi"
MatrixForm[chidj]
"chidj"
chichcon = ch.Transpose[chidj];
MatrixForm[chichcon]

lorentz4.nb | 27
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"chichcon"
MatrixForm[psi]

psi

psidj = Conjugate[psit] .g0@; MatrixForm[psidj]

"psidj"

psichcon = ch.Transpose[psidj];

MatrixForm[psichcon]

"psichcon™

spfitop; MatrixForm[spfitop]

"spfitop”

spfibot; MatrixForm[spfibot]

"spfibot"

spfiptop; MatrixForm[spfiptop]

"spfiptop"

spfipbot; MatrixForm[spfipbot]

"spfipbot"

spfitopmod =

spfitop /. {chil -» psichcon[[1, 1]], chi2 »
psichcon[[2, 1]], zetl -» psichcon[[1, 1]],

zet2 » psichcon[[2, 1]]};

MatrixForm[spfitopmod]

"spfitopmod"

MatrixForm[FullSimplify[spfitopmod - spfipbot]]

"spfitopmod-spfipbot™

spfibotmod =
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spfibot /. {chi3 - psichcon[[3, 1]], chi4 »
psichcon[[4, 1]], zet3 -» psichcon[[3, 1]],
zetd » psichcon[[4, 1]]};
MatrixForm[spfibotmod]
"spfibotmod"
MatrixForm[FullSimplify[spfibotmod - spfiptop]]
"spfibotmod-spfiptop™
FullSimplify[Activate[
TensorContract[Inactive[TensorProduct] [
spfiptop, gg, g8, spfiptop],
{{1, 4}, {2, 6}, {3, 7}, {5, 8}}11]]
"Activate[TensorContract[Inactive[TensorProduct]
[spfiptop,gg,g88,spfiptop], {{1,4},{2,6},{3,7},
{5,8}}11"
FullSimplify[Activate[
TensorContract[Inactive[TensorProduct] |
spfipbot, gg, gg, spfipbot],
{{1, 4}, {2, 6}, {3, 7}, {5, 8}}11]]
"Activate[TensorContract[Inactive[TensorProduct]
[spfipbot, gg,gg,spfipbot], {{1,4},{2,6},{3,7},
{5,8}}11"
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Out[747]//MatrixForm=
psil
psi2
psi3
psi4d

out[748]= p S i

Out[749]//MatrixForm=

(psil psi2 psi3 psi4d)

o
out[750}= p S1 t
Out[751]//MatrixForm=

Conjugate[psi4d]
~Conjugate[psi3]
~Conjugate[psi2]
Conjugate[psil]
Out[752]= p S i C h
ut[753]//Matrix orES i 1
psi2
psi3
psi4d
ourrs= PS ichch

out7551= {{9}, {@}, {6}) {@}}

out[756]= pSi—pSiChCh
out[757)= {{@, @, @, @}}

o CONjugateTranspose [psich] .g@-Transpose[psi].ch
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Out[759]//MatrixForm=

0 0
0 0
0 0

%)

(O IO B QS I Q)
(O IO B O I Q)

%)
ou7eol= S p'F i p

Out[761]//MatrixForm=

(psi2 -psil -psid4 psi3)
are- PpSitch

Out[774]//MatrixForm=

0 -i (psil® - psi2®+p
i (psil® - psi2?®+ psi3? - psi4?) 0
~-psil? - psi2? - psi3? - psi4? ~2psilpsi2 +2
-21 (psilpsi2 + psi3 psi4)  -i (psil®+psi2® -
ourrs- SPFAP
. 0 -1 (psi3? - psi4?) psi3?+ psid?
i (psi3? - psi4?) 0 -2 psi3 psi4
~-psi3? - psi4? 2 psi3 psi4 0
-21psi3psi4 -1 (-psi3® - psi4?) -psi3?+ psi4’

wo- spfipbot

Out[778]//MatrixForm=

0 -1 (psil® - psi2?®) psil?+ psi2?
i (psil® - psi2?) 0 2 psilpsi2 1
~-psil? - psi2? ~2 psilpsi2 0
-2 psilpsi2 -1 (psil?+ psi2?) psil® - psi2?

o= SpFiptop
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Out[780]//MatrixForm=
chil
chi2
chi3
chi4

ourstl C h i

Out[782]//MatrixForm=

( —Conjugate[chi3] -Conjugate[chi4] -Conjugate]c
ourres= C h i d j

Out[784]//MatrixForm=

Conjugate[chi4d]
-Conjugate[chi3]
—-Conjugate[chi2]
Conjugate [chil]
«rs- chichcon
ut[786]//Matrix orE S i 1
psi2
psi3
psi4d
out[787]= p S i

Out[788]//MatrixForm=

( —Conjugate[psi3] -Conjugate[psi4] -Conjugate[p
out[789)= p S i d j

Out[790]//MatrixForm=

Conjugate[psi4d]
~Conjugate[psi3]
~Conjugate[psi2]

Conjugate[psil]

- psichcon
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Out[792]//MatrixForm=

0
-1 (Conjugate[chil] Conjugate[zetl] - Conjugate|c
~Conjugate[chil] Conjugate[zetl] - Conjugate[ch
i (Conjugate[chi2] Conjugate[zetl] + Conjugate|ct
- SpFitop

Out[794]//MatrixForm=

0
-1 (Conjugate[chi3] Conjugate[zet3] - Conjugate|c
—Conjugate[chi3] Conjugate[zet3] - Conjugate[ch
i (Conjugate[chi4] Conjugate[zet3] + Conjugate|ct

oul795]= Sp‘FibOt
0 -i (psil® - psi2?®) psil?+ psi2?

i (psil® - psi2?) 0 2psilpsi2 1
~-psil? - psi2? ~-2 psilpsi2 0
-21psilpsi2 -1 (psil?+psi2?) psil® - psi2?

out[797]= Sp'FiptOp
e 0 -1 (psi3® - psi4?) psi3?+ psid?

i (psi3? - psi4?) 0 -2 psi3 psi4

~psi3? - psi4? 2 psi3 psi4 0

-21psi3psi4 -1 (-psi3® - psi4?) -psi3?+ psi4’
o spfipbot
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Out[800]//MatrixForm=

%)

-1 (-psi3? + psi4?)
~psi3? - psi4?
-2 1 psi3 psid

- SpFitopmod

Out[802]//MatrixForm=

0 0
0 0
0 0
0 0

%)
%)
%)
%)

OO0 O

- SpFitopmod-spfipbot

Out[804]//MatrixForm=

%)

-1 (-psil? + psi2?)
~-psil? - psi2?
-2 1 psilpsi2

oursos= S p'F ibotmod

Out[806]//MatrixForm=

0 0
0 0
0 0
0 0

%)
%)
%)
%)

OO0 0O

wer- SpFibotmod-spfiptop

Out[808]= @

i (-psi3?+psi4?) psi3?+psis

0 -2 psi3 psi¢
2 psi3 psiad 0
i (psi3®+psi4®) -psi3?+ psi

i (-psil®+ psi2?) psil?®+ psi2?
%) 2 psil psi2

-2 psil psi2 %)
i (-psil®-psi2®) psil® - psi2’



Out[809]

out[810]=

out[811]

Out[812]=

In[813]
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Activate[TensorContract[Inactive[TensorProduct] |
spfiptop,gg,gg,spfiptop], {{1,4},{2,6},{3,7},{
5,8} 111

0

Activate[TensorContract|[Inactive[TensorProduct] |

spfipbot, gg,gg,spfipbot], {{1,4},{2,6},{3,7},

5,8}1}11]
psi — ¢, spfiptop|[i.j]| — ¥4, splipbot|[i.j]] — ¥"”. The computations show that (¢°) =1
and ¢¢ = T C, (Y1) coinside with (02) if x = ¢ and ¢ = ¢, V{4, = 0.

ksi = {{ksil}, {ksi2}, {ksi3}, {ksi4d}};
MatrixForm[ksi]

ksit = Transpose[ksi]; MatrixForm[ksit]

ksih = Conjugate[ksit]; MatrixForm[ksih]

ksidj = ksih.g0; MatrixForm[ksidj]

"ksidj"

ksich = ch.Transpose[ksidj]; MatrixForm[ksich]

"ksich"

etach = ksich /.
{ksil » etal, ksi2 - eta2, ksi3 - eta3,
ksi4 - etad}; MatrixForm[etach]

"etach"

etadj = ksidj /.



36 | lorentz4.nb

{ksil » etal, ksi2 - eta2, ksi3 - eta3,
ksi4 - etad}

"etadj"

ksichtop = FullSimplify[ksich /.

{ksi3 » O, ksi4 - O, eta3 -» 0, etad - 0}];
MatrixForm[ksichtop]
ksidjtop = FullSimplify[ksidj /.

{ksi3 » O, ksi4 -» 0O, eta3 -» 9, etad - 0}];
MatrixForm[ksidjtop]
etachtop = FullSimplify[etach /.

{ksi3 » O, ksi4 - O, eta3 -» 0, etad - 0}];
MatrixForm[etachtop]
etadjtop = FullSimplify[etadj /.

{ksi3 » O, ksi4 -» 0, eta3 -» 9, etad - 0}];
MatrixForm[etadjtop]

"ksi ch dj eta ch dj top"
ksidjtop.etachtop
"ksidjtop.etachtop”
attop = spfitop /.
{chil -> ksil, chi2 -> ksi2, chi3 -> ksi3,

chi4 -> ksi4, zetl - ksil, zet2 -> ksi2,

zet3 -> ksi3, zet4 -> ksid}; MatrixForm[attop]
"attop"

FullSimplify[Activate[TensorContract]

Inactive[TensorProduct] [attop, gg, gg, attop],
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{{1, 3}, {2, 5}, {4, 7}, {6, 8}}]]]
"attop”2™
bttop = spfitop /.
{chil -> ksil, chi2 -> ksi2, chi3 -> ksi3,
chi4 -> ksi4, zetl -» etal, zet2 -> eta2,
zet3 -> eta3, zet4 -> etad}; MatrixForm[bttop]

"bttop”

FullSimplify[Activate[TensorContract]|
Inactive[TensorProduct] [bttop, gg, gg, bttop],
{{1, 3}, {2, 5}, {4, 7}, {6, 8}}]1]]

"bttop~2"

FullSimplify[Activate[TensorContract]

Inactive[TensorProduct] [bttop, gg, gg,
bttop], {{1, 3}, {2, 5}, {4, 7}, {6, 8}}111/
(ksidjtop.etachtop) ~2
"bttop”~2/ (ksidjtop.etachtop)~2"
cttop = spfitop /.
{chil -» etal, chi2 -> eta2, chi3 -> eta3,
chi4 -> eta4, zetl - etal, zet2 -> eta2,
zet3 -> eta3, zetd4 -> etad}; MatrixForm[cttop]

"cttop”

FullSimplify[Activate[TensorContract]
Inactive[TensorProduct] [cttop, gg, gg, cttop],
{{1, 3}, {2, 5}, {4, 7}, {6, 8}}11]]

"cttopn2™
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FullSimplify[Activate[TensorContract]|
Inactive[TensorProduct] [attop, gg, gg, bttop],
{{1, 3}, {2, 5}, {4, 7}, {6, 8}}11]]

"attop bttop”

FullSimplify[Activate[TensorContract]
Inactive[TensorProduct] [attop, gg, gg, cttop],
{{1, 3}, {2, 5}, {4, 7}, {6, 8}}]1]]

"attop cttop”

FullSimplify[Activate[TensorContract]

Inactive[TensorProduct] [attop, gg, g8,
cttop], {{1, 3}, {2, 5}, {4, 7}, {6, 8}}111/
(ksidjtop.etachtop) ~2

"attop cttop/ (ksidjtop.etachtop) 2"

FullSimplify[Activate[TensorContract]
Inactive[TensorProduct] [bttop, gg, gg, cttop],
{{1, 3}, {2, 5}, {4, 7}, {6, 8}}]1]]

"bttop cttop”

ksichbot = FullSimplify[ksich /.

{ksil » O, ksi2 - 0, etal » 0, eta2 - 0}];
MatrixForm[ksichbot]
ksidjbot = FullSimplify[ksidj /.

{ksil -» O, ksi2 -» O, etal -» 9, eta2 -» 0}];
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MatrixForm[ksidjbot]
etachbot = FullSimplify[etach /.
{ksil » O, ksi2 -» O, etal » 9, eta2 -» 0}];
MatrixForm[etachbot]
etadjbot = FullSimplify[etadj /.
{ksil » O, ksi2 -» O, etal -» 9, eta2 -» 0}];
MatrixForm[etadjbot]
"ksi ch dj eta ch dj bot"
ksidjbot.etachbot
"ksidjbot.etachbot”
atbot = spfibot /.
{chil -> ksil, chi2 -> ksi2, chi3 -> ksi3,
chi4 -> ksi4, zetl -» ksil, zet2 -> ksi2,
zet3 -> ksi3, zet4 -> ksid}; MatrixForm[atbot]
"atbot™
FullSimplify[Activate[TensorContract]
Inactive[TensorProduct] [atbot, gg, gg, atbot],
{{1, 3}, {2, 5}, {4, 7}, {6, 8}}11]]
"atbot~2"
btbot = spfibot /.
{chil -> ksil, chi2 -> ksi2, chi3 -> ksi3,
chi4 -> ksi4, zetl -» etal, zet2 -> eta2,
zet3 -> eta3, zet4 -> etad}; MatrixForm[btbot]
"btbot™
FullSimplify[Activate[TensorContract]
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Inactive[TensorProduct] [btbot, gg, gg, btbot],
{{1, 3}, {2, 5}, {4, 7}, {6, 8}}]]]
"btbot~2"
FullSimplify[Activate[TensorContract]|
Inactive[TensorProduct] [btbot, gg, gg,
btbot], {{1, 3}, {2, 5}, {4, 7}, {6, 8}}11/
(ksidjbot.etachbot) *2]
"btbot”~2/ (ksidjbot.etachbot) ~2"
ctbot = spfibot /.
{chil -» etal, chi2 -> eta2, chi3 -> eta3,
chi4 -> eta4d, zetl -» etal, zet2 -> eta2,
zet3 -> eta3, zet4 -> etad}; MatrixForm[ctbot]

"ctbot™

FullSimplify[Activate[TensorContract]
Inactive[TensorProduct] [ctbot, gg, gg, ctbot],
{{1, 3}, {2, 5}, {4, 7}, {6, 8}}]]]

"ctbot”2"

FullSimplify[Activate[TensorContract]
Inactive[TensorProduct] [atbot, gg, gg, btbot],
{{1, 3}, {2, 5}, {4, 7}, {6, 8}}]]]

"atbot btbot"

FullSimplify[Activate[TensorContract]
Inactive[TensorProduct] [atbot, gg, gg, ctbot],
{{1, 3}, {2, 5}, {4, 7}, {6, 8}}]]]

"atbot ctbot”
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FullSimplify[Activate[TensorContract]|
Inactive[TensorProduct] [atbot, gg, gg,
ctbot], {{1, 3}, {2, 5}, {4, 7}, {6, 8}}11/

(ksidjbot.etachbot) ~2]

"atbot ctbot/ (ksidjbot.etachbot) 2"

FullSimplify[Activate[TensorContract]
Inactive[TensorProduct] [btbot, gg, gg, ctbot],
{{1, 3}, {2, 5}, {4, 7}, {6, 8}}]]]

"btbot ctbot"

Out[813]//MatrixForm=
ksil
ksi2
ksi3
ksi4d

out814]= k S i

Out[815]//MatrixForm=

(ksil ksi2 ksi3 ksi4d)

out[816]= k S i t

Out[817]//MatrixForm=

( Conjugate[ksil] Conjugate[ksi2] Conjugate[ksi3’

.
out[s18]= k S1 h
Out[819]//MatrixForm=

( —Conjugate[ksi3] -Conjugate[ksi4] -Conjugate[k
oo KS1dj
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Out[821]//MatrixForm=

Conjugate[ksi4]
—~Conjugate[ksi3]
—~Conjugate[ksi2]

Conjugate[ksil]

oez- Ksich

Out[823]//MatrixForm=

Conjugate[eta4d]
~Conjugate[eta3]
—~Conjugate[eta2]

Conjugate[etal]

out[824]= et acC h

wes- { {—Conjugate[eta3], -Conjugate[etad],
—-Conjugate[etal], -Conjugate[eta2]}}
oo @tad]

Out[827]//MatrixForm=

0
0
—~Conjugate[ksi2]
Conjugate[ksil]
(@ @ -Conjugate[ksil] -Conjugate[ksi2] )

Out[829]//MatrixForm=

%)
%)

—~Conjugate[eta2]
Conjugate[etal]

Out[830]//MatrixForm=

(@ @ -Conjugate[etal] -Conjugate[eta2] )
ouss- KS1 ch d] eta ch dj tOp
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wez- { {COnjugate[eta2] Conjugate [ksil] -
Conjugate[etal] Conjugate[ksi2] }}

«eo- KSidjtop.etachtop

Out[834]//MatrixForm=

0 i (Conju
-1i (Conjugate[ksil]? - Conjugate[ksi2]?)
~Conjugate[ksil]? - Conjugate[ksi2]? -2 Con
2 1 Conjugate[ksil] Conjugate[ksi2] i (Conju
o= @t TOP
ouessr= @
- ATLOP~2

Out[838]//MatrixForm=

0
-1 (Conjugate[etal] Conjugate[ksil] - Conjugate|e
—Conjugate[etal] Conjugate[ksil] - Conjugate[et
i (Conjugatefeta2] Conjugate[ksil] + Conjugate|et
o~ DETOpP
owor 4 (COnjugate[eta2] Conjugate[ksil] -
Conjugate[etal] Conjugate[ksi2])?
- bttoOpn2

Out[842]= { {4} }
oo bttopn2/ (ksidjtop.etachtop) ~2
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Out[844]//MatrixForm=

Out[845]=

out[846]=

out[847]=

Out[848]=

out[849]=

out[850]=

out[851]=

out[852]=

Out[853]=

out[854]=

out[855]=

0

2 1 Conjugate[etal] Conjugate[eta2]

cttop

0

cttop”2

0

attop bttop

-8 (Conjugate[eta2] Conjugate[ksil] -
Conjugate[etal] Conjugate [ksi2])?

attop cttop

{{-8}}

attop cttop/ (ksidjtop.etachtop) "2

0

bttop cttop

Out[856]//MatrixForm=

Conjugate[ksi4]
~Conjugate[ksi3]
0
0

Out[857]//MatrixForm=

( —Conjugate[ksi3] -Conjugate[ksi4] © ©)

-1i (Conjugate[etal]? - Conjugate[eta2]?)
~Conjugate[etal]? - Conjugate[eta2]?

i (Conju

-2 Con
i (Conju
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Out[858]//MatrixForm=

Conjugate[eta4d]
—~Conjugate[eta3]
0
0

Out[859]//MatrixForm=

( —Conjugate[eta3] -Conjugate[etad] © ©0)
weo- KS1 ch dj eta ch dj bot
wer- { {—Conjugate [etad] Conjugate [ksi3] +
Conjugate[eta3] Conjugate[ksid] }}
«ez- KSidjbot.etachbot

Out[863]//MatrixForm=

0 i (Conjt
-1 (Conjugate[ksi3]? - Conjugate [ksi4]?)
~Conjugate[ksi3]? - Conjugate [ksi4]? 2 Con
2 1 Conjugate[ksi3] Conjugate[ksi4] i <—Conj
ouss- atbot
ousss= @
s atbot™2

Out[867]//MatrixForm=

0
-1 (Conjugate[eta3] Conjugate[ksi3] - Conjugate|e
-Conjugate[eta3] Conjugate[ksi3] - Conjugate[et
i (Conjugatefetad] Conjugate[ksi3] + Conjugate|et
o~ DEbOT
wes- 4 (Conjugate[etad] Conjugate[ksi3] -
Conjugate[eta3] Conjugate[ksi4d])?
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Out[870]=

out[871]=

out[872]=

btbot”2

{{4}}
btbot”2/ (ksidjbot.etachbot) ~2

Out[873]//MatrixForm=

0
—j_(Conjugate[etaB]Z—-Conjugate[eta4]2)
~Conjugate[eta3]? - Conjugate[etad]?

2 1 Conjugate[eta3] Conjugate|[etad]

i (Conjt
2 Con
i (-Conj

aers- CEbOT
ouers- @
ouwers- CEbOTN2
ouerr- @
aes- atbot btbot
wies- —8 (Conjugate [etad] Conjugate [ksi3] -
Conjugate[eta3]Conjugate[ksi4])2
aeo- atbot ctbot
o { {-8})
«ez- atbot ctbot/ (ksidjbot.etachbot) 2
R
ae- btbot ctbot
ksi — &, eta — 7, attop][Lj]] or atbot[[i.j]] (depending on whether ¢ and 7 are eigenvectors
vy, OF7 with cigenvalue + Lo —1) — . brtop([i] or bebot [f]] - v#*. ettop[[L]] or ctbot[i]

wh”. The computations show that, if {7 = 1. then u"w,

and u"u,, =0, u" vy, = 0,0v"v,,, =4.

w — -3, (‘/”/11'/1// =0, ll'/”/ll'/u/ =0



In[886]:=
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"top
ue = {{0, uel, ue2, uel},

{-uel, o, 0, 0}, {-ue2, 0, 9, 0},

{-ue3, 0, 0, 0}}; MatrixForm[u@]
"ue"
Uu=u0d-IFullSimplify]

(1/ 2) Activate[TensorContract[Inactive][
TensorProduct] [u9, LeviCivitaTensor[4],

gg, 88l, {{1, 8}, {2, 18}, {3, 7},
{4, 9}}111; MatrixForm[u]

Ilull
FullSimplify[u + I FullSimplify[ (1/2) Activate]
TensorContract[Inactive[TensorProduct] |

u, LeviCivitaTensor[4], g8, gg],
{{1, 8}, {2, 16}, {3, 7}, {4, 9}}111]]

FullSimplify[Activate[TensorContract]
Inactive[TensorProduct] [u, gg, g8, ul,

{{1, 3}, {2, 5}, {4, 7}, {6, 8}}]]]
Ilu/\zll

vo = {{0, vOl, vO2, vO3},
{-vOl1, 0, 0, 0}, {-vO2, O, 0, O},
{-ve3, 0, 0, 0}}; MatrixForm[vO]
llvell
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v =Vv0 - I FullSimplify[
(1/2) Activate[TensorContract[Inactive[
TensorProduct] [vO, LeviCivitaTensor[4],

gg, ggl, {{1, 8}, {2, 16}, {3, 7},
{4, 9}}111; MatrixForm[v]

\'
FullSimplify[v + I FullSimplify[ (1/2) Activate]
TensorContract[Inactive[TensorProduct] [
v, LeviCivitaTensor[4], gg, ggl,

{{1, 8}, {2, 10}, {3, 7}, {4, 9}}11]]

FullSimplify[Activate[TensorContract]
Inactive[TensorProduct] [v, gg, g8, V],
{{1, 3}, {2, 5}, {4, 7}, {6, 8}}]]]

nyAn

FullSimplify[Activate[TensorContract]
Inactive[TensorProduct] [u, gg, g8, V],
{{1, 3}, {2, 5}, {4, 7}, {6, 8}}]]]

"y oy

umod = FullSimplify|[
Conjugate[u@ + I FullSimplify[(1/2) Activate]
TensorContract[Inactive[TensorProduct] [
uo, LeviCivitaTensor[4], gg, gg1,

{{1, 8}, {2, 18}, {3, 7},
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{4, 9}}11111; MatrixForm[umod]

"umod"”

FullSimplify[Activate[TensorContract]|
Inactive[TensorProduct] [umod, gg, gg, umod],
{{1, 3}, {2, 5}, {4, 7}, {6, 8}}]]]

"umod~2"

FullSimplify]|

umod + I FullSimplify[ (1/2) Activate]
TensorContract[Inactive[TensorProduct] [
umod, LeviCivitaTensor[4], gg, gg],
{{1, 8}, {2, 10}, {3, 7}, {4, 9}}111]]
uumod = FullSimplify[Activate[TensorContract]|
Inactive[TensorProduct] [u, gg, g8, umod],
{{1, 3}, {2, 5}, {4, 7}, {6, 8}}]1]]
"u umod”
vumod = FullSimplify[Activate[TensorContract]|
Inactive[TensorProduct] [v, gg, g8, umod],
{{1, 3}, {2, 5}, {4, 7}, {6, 8}}]1]
"v umod”

all = FullSimplify[-vumod”2 / uumod” 2]
"all"

al2 = FullSimplify[2 vumod / uumod]
"al2"

al3 = FullSimplify[-8 / uumod]
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"al3"
w = FullSimplify[allu + al2v + al3 umod];
MatrixForm[w]
"
al24 +
al3 (-4 (vol Conjugate[u@l] + vO2 Conjugate[u02] +
vO3 Conjugate[u@3]))
ny W
al3 uumod
"uw"

FullSimplify[al2~24 +2allal3
(-4 (Abs[u@1]? + Abs[u@2]? + Abs [u@3]?)) +
2al2al3 (-4 (vol Conjugate[u0l] +
vOZConjugate[uGZ]-rv63Conjugate[u03]))]
nyA2"

(xFullSimplify[Activate[TensorContract]
Inactive[TensorProduct] [w,gg8,88,W],
{{1,3},{2,5},{4,7},{6,8}}11/.

{ue3-Sqrt[-ueli”"2-ue272],vO3-
- (U@l vO1+u@2 vO2) /Sqrt[-u01”2-u02°2]}]
"Wh2" )
(xFullSimplify[Activate[TensorContract]|
Inactive[TensorProduct] [u,gg,88,W],
{{1,3},{2,5},{4,7},{6,8}}11]
u w's)
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"bot"
ue = {{0, uel, ue2, uel},

{-uel, o0, 0, 0}, {-ue2, 0, 0, 0},

{-ue3, o, 0, 0}}; MatrixForm[u@]
"ue"
uU=u0 +IFullSimplify]

(1/2) Activate[TensorContract[Inactive[
TensorProduct] [u@, LeviCivitaTensor([4],

gg, ggl, {{1, 8}, {2, 10}, {3, 7},
{4, 9}}111; MatrixForm[u]

Ilull
FullSimplify[u - I FullSimplify[(1/2) Activate]
TensorContract[Inactive[TensorProduct] [

u, LeviCivitaTensor[4], gg, gg],
{{1, 8}, {2, 16}, {3, 7}, {4, 9}}111]]

FullSimplify[Activate[TensorContract]
Inactive[TensorProduct] [u, gg, g8, ul,

{{1, 3}, {2, 5}, {4, 7}, {6, 8}}]]]
nyAg"

vo = {{0, vOl, vO2, VvO3},
{-vel, o, 0, 0}, {-vO02, O, 0, 0},
{-ve3, 0, 0, 0}}; MatrixForm[vO]
Ilvall
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v =Vv0O + I FullSimplify[
(1/2) Activate[TensorContract[Inactive[
TensorProduct] [vO, LeviCivitaTensor[4],

gg, ggl, {{1, 8}, {2, 16}, {3, 7},
{4, 9}}111; MatrixForm[v]

\'
FullSimplify[v - I FullSimplify[(1/2) Activate]
TensorContract[Inactive[TensorProduct] [
v, LeviCivitaTensor[4], gg, ggl,

{{1, 8}, {2, 10}, {3, 7}, {4, 9}}11]]

FullSimplify[Activate[TensorContract]
Inactive[TensorProduct] [v, gg, g8, V],
{{1, 3}, {2, 5}, {4, 7}, {6, 8}}]]]

nyAn

FullSimplify[Activate[TensorContract]
Inactive[TensorProduct] [u, gg, g8, V],
{{1, 3}, {2, 5}, {4, 7}, {6, 8}}]]]

"y oy

umod = FullSimplify|[
Conjugate[u@ - I FullSimplify[ (1/ 2) Activate]
TensorContract[Inactive[TensorProduct] [
uo, LeviCivitaTensor[4], gg, gg1,

{{1, 8}, {2, 18}, {3, 7},
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{4, 9}}11111; MatrixForm[umod]
"umod"”
FullSimplify]|
umod - I FullSimplify[ (1/2) Activate]
TensorContract[Inactive[TensorProduct] [
umod, LeviCivitaTensor[4], gg, gg],
{{1, 8}, {2, 10}, {3, 7}, {4, 9}}111]
uumod = FullSimplify[Activate[TensorContract]|
Inactive[TensorProduct] [u, gg, g8, umod],
{{1, 3}, {2, 5}, {4, 7}, {6, 8}}]1]
"u umod"”
vumod = FullSimplify[Activate[TensorContract]|
Inactive[TensorProduct] [v, gg, g8, umod],
{{1, 3}, {2, 5}, {4, 7}, {6, 8}}]1]]

"v umod"”

all = FullSimplify[-vumod”2 / uumod” 2]
"all"

al2 = FullSimplify[2 vumod / uumod]

"al2"

al3 = FullSimplify[-8 / uumod]

"al3"

w = FullSimplify[allu + al2v + al3 umod];
MatrixForm[w]

W
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Out[886]= t O p

Out[887]//MatrixForm=

(%) uel uB2 uo3
-uel o (%] (%]
-ue2 o (%] (%]
-ue3 o (%] (%]

outiese= @

Out[889]//MatrixForm=

(%) uol ue2 uoe3
-uol (%] 1uUe3 -1 ue2
-uf2 -1 uB3 (%] 1 u0l
-u3 1ue2 -1u0l (%)

outsoo= |

out[891]= {{e, e, @, @}, {@_’ @) @) @}J
(0, 0,0, 0}, {0, 0,0, 0}}

o —4 (u@1% + U2 + UB3?)

outsos= | N 2

Out[894]//MatrixForm=

(%) vel vO2 ve3
-vol © (%] (%]
-ve2 © (%] (%]
-ve3 © (%] (%]

Out[895]= Ve
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Out[896]//MatrixForm=

(%) vol vo2 vo3
-vol %) 1ve3 -1vVve2
-vO2 -1ve3 (% 1 vol
-ve3 1ve2 -1vel (%)

Out[897]= V

out[898]= {{@, e, @, @}, {@) @) @) @}J
{6, 0, 0,0}, {0,0,0,0}}

o — 4 (v@l2 + V022 + v@32>

Out[900]= V A 2

o= =4 (UQL VO1 + U2 vO2 + UB3 vO3)

oupeoz= UV

T %) Conjugate[u0l] Conjugate [ ul
—~Conjugate[u0l] 0 i Conjugate|t
—Conjugate[u@2] -i Conjugate[u@3] 0

~-Conjugate[u@3] 1 Conjugate[u@2] -i Conjugate]
oueos- UMOd
wer 4 (Conjugate[u@1]? +
Conjugate[u@Z]z4—Conjugate[U93]2>
oueos- UMOA” 2
v ({0, 0,0, 0), (0,0, 0, 0],
{0, 0,0,0}, (0,0,0,0})
wer —4 (Abs[u@1]? + Abs [u@2]? + Abs [u@3]?)

oo~ U UMOd
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Out[910]=

out[911]=

Out[912]=

out[913]=

out[914]=

Out[915]=

out[916]=

Out[917]=

-4 (v@1 Conjugate[u@l] +
v02 Conjugate[uB2] + v@3 Conjugate[uB3])
v umod
- ( (ve1 Conjugate[u@l] +
v02 Conjugate[u@2] + v@3 Conjugate[u@3])? /
(Abs [u@1]? + Abs [u82]2 + Abs [u@3]?)?)
all
(2 (vOl Conjugate[u@l] +
v02Conjugate[u62]-rv@3Conjugate[u03]))/
(Abs [u@1]? + Abs [u@2]?% + Abs [u@3]?)

al2

2
Abs [u@1]2 + Abs[u©2]? + Abs [u@3]?
al3

Out[918]//MatrixForm=

out[919]=

out[920]=

-2 (Abs [u@1]°+Abs [uB2]+Abs [uB3]?) Conjugate [u@1]-2 vl (Abs[u@1]*+A

-2 (Abs[u@1]?+Abs [u@2]%+Abs [u@3]?) Conjugate [uB2]-2v@2 (Abs[u@l]?+Al

-2 (Abs [u@1]°+Abs [u@2]+Abs [uB3]?) Conjugate [uB3]-2v@3 (Abs[u@1]?+Al

W

%)
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ourez= VW
oute22)= — 8
ourezz= U W
out[924]= @
out[925]= WAZ

out[926]= b Ot

Out[927]//MatrixForm=

(%) uel ue2 ue3
-uel o (%] (%]
-ue2 o (%] (%]
-ue3 o (%] (%]

outieze= @

Out[929]//MatrixForm=

(%) uol ue2 uoe3
-uol (%] -1 u@3 1 ue2
-u02 1ule3 (%] -1 uel
-u3 -1u02 1uLl (%)

outrezo= U

Out[931)= {{@, @, @; @}) {@) @) @) @}J
{@, @, @, @}, {@, @; @J @}}

s —4 (u01? + u02” + UB3?)

ouesz= U N 2

Out[934]//MatrixForm=

(%) vol vO2 vo3
-vol © (%] (%]
-ve2 © (%] (%]
-ve3 © (%] (%]
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0out[935]= V@

Out[936]//MatrixForm=

0 vol Vo2 vo3
-vo1l (%] -1ve3 1ve2
-v02 1 ve3 (%] -1 vel
-ve3 -1v02 1vel (%)

oui9371= \f

Out[938]= {{@, @) @) e}) {@) @) @) @}J
{0, 0, 0, 0}, {0, 0,0, 0}}

oo —4 (V012 + v@2? + ve3?)

outig40= \/ N 2

o =4 (UGL vO1 + UB2 vO2 + UB3 vO3)

ourpaz= UV

T %) Conjugate[u0l] Conjugate [ul
—Conjugate [u0@l] 0 -1 Conjugate]|
-Conjugate[u@2] 1 Conjugate[u@3] %)

—~Conjugate[u@3] -1 Conjugate[u@2] i Conjugate|t
ouess- UMOd
- {{Q, @, @, O}, {0, 0, 0, O},
{0, 0, 0, 0}, {0, 0,0, 0}}
wes —4 (Abs[u@1]? + Abs[u@2]? + Abs [u@3]?)
e U UMoOd

s —4 (V@1 Conjugate [u@l] +
vO2 Conjugate[uB2] + v@3 Conjugate[uB3])
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s V- UMOd
we - ((vO1 Conjugate [u@l] +
ve2 Conjugate [u62] + v@3 Conjugate [u@3])2 /
(Abs [u@1]? + Abs [u82]2 + Abs [u@3]?)?)
ouss- @11

oz (2 (VO1 Conjugate [u@l] +
v02 Conjugate [u@2] + v@3 Conjugate [u@3])) /
(Abs[u@1]? + Abs [u@2]? + Abs [u@3]?)

ouess= g ]_ 2
) 2
Abs [u©1]2 + Abs [u@2]? + Abs [u@3]?
ouessl= @ ]_ 3

Out[956]//MatrixForm=

-2 (Abs [u@1]°+Abs [uB2]°+Abs [uB3]?) Conjugate [u@1]-2 v@1 (Abs[u@1]?+Al

-2 (Abs [u@1]°+Abs [u@2]+Abs [uB3]?) Conjugate [uB2] -2 v@2 (Abs[u@1]?+Al

-2 (Abs [u@1]°+Abs [uB2]°+Abs [uB3]?) Conjugate [uB3] -2 v@3 (Abs[u@1]?+Al

outes7= W
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out[958]=

In[959]:=

This fragment of computation contains two similar parts corresponding to the cases where
¢ and 7 are eigenvectors of 4% with eigenvalue +1 and —1. The computation illustrates the
more explicit solution for w” (where a specific tensor £* is chosen) written in coordinates.
a[ig]] - v, v[i] - o™, umod[[ij]] — A, w[[ij]] - w, u0l — u;, u02 — uy, uO3 — uy,
vO1 — vy, vO2 — vy, VO3 — 03, all — ay, al2 — as, al3 — as.
The computations show that u*u,, = —4((u1)?+ (uz)? + (us)?) = 0, w"v,,, = —4(uyv; +
gz + uzvs) = 0, 00, = —4((01)? + (02)? + (13)%) = 4, Wk = —4(|ur]* + [uzl* + |usl?),
and u"w,,, = =8, 0" w,,, = 0, w"w,, = 0.
attopspfipbot =
FullSimplify[Activate[TensorContract[Inactive[
TensorProduct] [attop, gg, gg, spfipbot],
{{1, 3}, {2, 5}, {4, 7}, {6, 8}}]1]
"attopspfipbot"”
ksidjpsitop = ksidj.psi /. {ksi3 - O, ksi4 - 0}
"ksidjpsitop"”
ksidjpsibot = ksidj.psi /. {ksil - O, ksi2 - 0}
"ksidjpsibot"”
atbotspfiptop =
FullSimplify[Activate[TensorContract[Inactive[
TensorProduct] [atbot, gg, gg, spfiptop],
{{1, 3}, {2, 5}, {4, 7}, {6, 8}}]1]
"atbotspfiptop"”
jcO = FullSimplify[ (psidj.g0.psi) [[1, 1]1]]
"jco"
jcl = FullSimplify[ (psidj.gl.psi) [[1, 1]1]]
"je1"
jc2 = FullSimplify[ (psidj.g2.psi) [[1, 1]]]
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"je2"
jc3 = FullSimplify[ (psidj.g3.psi) [[1, 1]1]]
"jc3"
jsqbot = FullSimplify[Activate[TensorContract]|
Inactive[TensorProduct] [gg, spfipbot,
Conjugate[spfipbot]], {{1, 3}, {2, 5}}111;
MatrixForm[jsgbot]
"jsqbot"
jsqbot2 = FullSimplify]
{{jco jcO, jcO jcl, jcO jc2, jcO jc3},
{jcljcoO, jcljcl, jcljc2, jcljc3},
{jc2 jcO, jc23jcl, jc2jc2, jc2jc3},
{jc3 jcod, jc3jcl, jc3jc2, jc3jc3}} /.
{psil -» @, psi2 - 0}]; MatrixForm[jsgbot2]
"jsqbot2"
FullSimplify[jsqgbot + 2 jsqgbot2]
"jsgbot+2 jsqbot2"
jsqtop = FullSimplify[Activate[TensorContract]|
Inactive[TensorProduct] [gg, spfiptop,
Conjugate[spfiptop]], {{1, 3}, {2, 5}}111;
MatrixForm[jsqtop]
"jsqtop"”
jsqtop2 = FullSimplify]|
{{jco jcoO, jcO jcl, jcOjc2, jcO jc3},
{jcljco, jclijcl, jcljc2, jclijc3},
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Out[959]=

Out[960]=

out[961]=

Out[962]=

Out[963]=

out[964]=

Out[965]=

Out[966]=

out[967]=

Out[968]=

out[969]=

Out[970]=

out[971]=

Out[972]=

{jc2 jcoO, jc2jcl, jc2jc2, jc2jc3},
{jc3 jcod, jc3 jcl, jc3jc2, jc3jc3}} /.
{psi3 - O, psi4 - 0}]; MatrixForm[jsqtop2]
"jsqtop2"
FullSimplify[jsqtop + 2 jsqtop2]
"jsqtop+2 jsqtop2"

-8 (psi3 Conjugate[ksil] + psi4 Conjugate[ksi2])?

attopspfipbot

[{-psi3 Conjugate[ksil] - psi4 Conjugate[ksi2]}}

ksidjpsitop

{{-psil Conjugate[ksi3] - psi2 Conjugate[ksi4d]}}

ksidjpsibot

-8 (psil Conjugate[ksi3] + psi2 Conjugate[ksi4d])?

atbotspfiptop

Abs [psil]? + Abs [psi2]? + Abs[psi3]? + Abs [psi4d]?

jco

psi2 Conjugate[psil] + psil Conjugate[psi2] -
psi4 Conjugate[psi3] - psi3 Conjugate[psid]

jcl

i (-psi2 Conjugate[psil] + psil Conjugate[psi2] +

psi4 Conjugate[psi3] - psi3 Conjugate[psid])
jc2
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oer- Abs [psil]? + Abs [psid]? -
psi2 Conjugate[psi2] - psi3 Conjugate [psi3]
out[974]= jc3

Out[975]//MatrixForm=

-2 (Abs [psi3]?* + Abs [psi4]?

2 (Abs[psi3]?+ Abs[psi4]?) (psi4 Conjugate[psi3]
-21 (Abs[psi3]?+ Abs[psi4]?) (psi4 Conjugate[psi:
2 (Abs[psi3]* - Abs[psi4]*

out[976]= j S q bOt

Out[977]//MatrixForm=

(Abs [psi3]? + Abs [psid] 2)2

- (Abs [psi3]* + Abs [psi4]?) (psi4 Conjugate[psi3] +
i (Abs[psi3]?+ Abs[psi4]?) (psi4 Conjugate[psi3] -
~Abs [psi3]* + Abs [psi4]*?

outfo78}= jsqu‘tZ

Out[979]= {{e, e, @, @}, {@) @) @) 6}.’
{6, 0, 0,0}, {0,0,0, 0}}

- JSbot+2 jsqbot2

Out[981]//MatrixForm=

-2 (Abs [psil]?®+ Abs[psi2]?

-2 (Abs [psil]?®+ Abs[psi2]?) (psi2 Conjugate[psil]
21 (Abs[psil]?+ Abs[psi2]?) (psi2 Conjugate[psil]
-2 Abs[psil]%+ 2 Abs[psi2]

out[982]= j S q t (0] p
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Out[983]//MatrixForm=

out[984]=

out[985]=

out[986]=

Out[987]=

In[988]

(Abs [psil]? + Abs[psi2]?) 2

(Abs [psil]? + Abs[psi2]?) (psi2 Conjugate[psil] +
i (Abs[psil]?+ Abs[psi2]?) (-psi2Conjugate[psil]
Abs [psil]* - Abs[psi2]*

jsqtop2

{{o0, 0, 0, O}, {0, 0, 0, O},
{0, 0, 0, 0}, {0, 0, 0, 0}

jsqtop+2 jsqtop2

ksidj — &, psi — 1, psidj — ¢, jc0, jel, je2, je3 — components of the current j*.

The computation shows that, if € is an eigenvector of 7° with eigenvalue +1, then

& = &Y. = —3&} — 4&5, if € is an eigenvector of 4° with eigenvalue —1, then
U = &by = =& — Un€. Also, the computation shows that % u,, = —8(£)? and
G = g (V)" = =251 51

- L] ® ® °
zer = Join[Join[z2, z2, 2], Joln[z2, z2, 2]];

MatrixForm[zer]

zer
sig = Array[zer &, {4, 4}];
sig[[1, 2]] = sigol;
sig[[1, 3]] = sigo2;
sig[[1, 4]] = sig03;
sig[[2, 3]] = sigl2;
sig[[2, 4]] = sigl3;
sig[[3, 4]] = sig23;
sig[[2, 1]] = -sig[[1, 2]];
sig[[3, 111 = -sig[[1, 3]1];



sig[[4, 1]] = -sig[[1,
sig[[3, 2]] = -sig[[2,
sig[[4, 2]] = -sig[[2,
sig[[4, 3]] = -sig[[3,
gmt = {g9, g1, g2, g3}

"gmt

4]11;
3113
4115
4115

bb = {bb@, bbl, bb2, bb3};
cc = {cc@, ccl, cc2, cc3};

bbr = {bb@, -bbl, -bb2, -bb3};

ccr = {ccO, -ccl, -cc2, -cc3};

gsigg = Array[zer &, {4, 4, 4, 4}];
For[i=1,i<4,i++, For[j=1, j<4, j++,
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For[k=1, k<4, k++, For[l=1, 1<4, 1++,

gsigg[[i, J, k, 1]1] = FullSimplify|[

gmt[[i]].sig[[J, k]11.gmt[[1]11]11515];5]

ksks2top = Array[0 &, {4, 4}];

For[i=1,i<4, i++,

For[j=1, j<4, j++, For[k=1, k<4, k++,

For[l1=1, 1<4, 1++, ksks2top[[]j, k1] =

ksks2top[[]j, k]] -bb[[i]] bb[[1]]
((ksidjtop.gsigg[[i, j, k, 1]].
ksichtop) [[1, 1]1]1)151515]
ksks2top = FullSimplify[ksks2top];

MatrixForm[ksks2top]
"ksks2top"
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ksks3top =
-2 FullSimplify[Activate[TensorContract|
Inactive[TensorProduct] [bb, gg, bb,
attop], {{1, 2}, {4, 6}}]1]] + 2 Transpose]|
FullSimplify[Activate[TensorContract]
Inactive[TensorProduct] [bb, gg,
bb, attop], {{1, 2}, {4, 6}}1111] -
FullSimplify[Activate[TensorContract]
Inactive[TensorProduct] [bb, gg, bb],
{{1, 2}, {3, 4}}]]] attop;;
MatrixForm[FullSimplify[ksks2top - ksks3top]]
"ksks2top-ksks3top"
kset2top = Array [0 &, {4, 4}];
For[i=1,1i<4, i++,
For[j=1, j<4, j++, For[k=1, k<4, k++,
For[1=1,1<4, 1++, kset2top[[]j, k]] =
kset2top[[J, k]] -bb[[1]] cc[[1]]
((ksidjtop.gsigg[[i, j, k, 1]1].
etachtop) [[1, 1]1)151515]
kset2top = FullSimplify[kset2top];
MatrixForm[kset2top]
"kset2top™
etks2top = Array[0 &, {4, 4}];
For[i=1,1i<4, i++,
For[j=1, j<4, j++, For[k=1, k<4, k++,
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For[l=1, 1<4, 1++, etks2top[[j, k]] =
etks2top[[]j, k]] -cc[[1]] bb[[1]]
((etadjtop.gsigg[[i, J, k, 1]11].
ksichtop) [[1, 111)151515]
etks2top = FullSimplify[etks2top];
MatrixForm[etks2top]
"etks2top”
bc27 = Array [0 &, {4, 4}];
For[j=1, j<4, j++,
For[k =1, k<4, k++, bc27[[], k]] =
(-=2Ibbr[[j]] ccr[[k]] +2I bbr[[k]] ccr[]
J11) (ksidjtop.etachtop) [[1, 1115151
bceps = 2 (ksidjtop.etachtop) [[1, 1]]
FullSimplify[Activate[TensorContract]|
Inactive[TensorProduct] [bb, cc,
LeviCivitaTensor[4]], {{1, 3}, {2, 6}}111;
MatrixForm[bceps]
"bceps™
kset3top =
-2 FullSimplify[Activate[TensorContract|
Inactive[TensorProduct] [bb, gg, cc,
bttop], {{1, 2}, {4, 6}}]]] + 2 Transpose[
FullSimplify[Activate[TensorContract]
Inactive[TensorProduct] [bb, gg,

cc, bttop], {{1, 2}, {4, 6}}]11]+
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2 FullSimplify[Activate[TensorContract|[
Inactive[TensorProduct] [bb, cc, gg,
bttop], {{2, 3}, {1, 5}}]1] - 2 Transpose[
FullSimplify[Activate[TensorContract]
Inactive[TensorProduct] [bb, cc,
88, bttop], {{2: 3}: {1: 5}}]]]] -
2 FullSimplify[Activate[TensorContract|[
Inactive[TensorProduct] [bb, cc, gg],
{{1, 4}, {2, 3}}1]1] bttop;
MatrixForm[FullSimplify[kset2top +
etks2top - bc27 - kset3top - bceps] ]
"kset2top+etks2top-bc-kset3top-bceps™
etet2top = Array[0 &, {4, 4}];
For[i=1,1i<4, i++,
For[j=1, j<4, j++, For[k=1, k<4, k++,
For[l=1,1<4, 1++, etet2top[[j, k]] =
etet2top[[], k]] -cc[[1]] cc[[1]]
((etadjtop.gsigg[[i, j, k, 1]1].
etachtop) [[1, 1]1)151515]
etet2top = FullSimplify[etet2top];
MatrixForm[etet2top]
"etet2top”
etet3top =
-2 FullSimplify[Activate[TensorContract|
Inactive[TensorProduct] [cc, gg, cC,
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cttop], {{1, 2}, {4, 6}}]]] + 2 Transpose|
FullSimplify[Activate[TensorContract]
Inactive[TensorProduct] [cc, gg,
cc, cttop], {{1, 2}, {4, 6}}1111] -
FullSimplify[Activate[TensorContract]
Inactive[TensorProduct] [cc, gg, cc],
{{1, 2}, {3, 4}}1]] cttop;
MatrixForm[FullSimplify[etet2top - etet3top]]
"etet2top-etet3top”
ksks2bot = Array[0 &, {4, 4}];
For[i=1,i<4, i++,
For[j=1, j<4, j++, For[k=1, k<4, k++,
For[l1=1, 1<4, 1++, ksks2bot[[]j, k]] =
ksks2bot[[j, k]] -bb[[1i]] bb[[1]]
( (ksidjbot.gsigg[[i, j, k, 1]1].
ksichbot) [[1, 1]11)151515]
ksks2bot = FullSimplify[ksks2bot];
MatrixForm[ksks2bot]
"ksks2bot™
ksks3bot =
-2 FullSimplify[Activate[TensorContract|
Inactive [TensorProduct] [bb, gg, bb,
atbot], {{1, 2}, {4, 6}}]]] + 2 Transpose|[
FullSimplify[Activate[TensorContract]
Inactive[TensorProduct] [bb, gg,
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bb, atbot], {{1, 2}, {4, 6}}1111] -
FullSimplify[Activate[TensorContract]
Inactive[TensorProduct] [bb, gg, bb],
{{1, 2}, {3, 4}}11] atbot ;
MatrixForm[FullSimplify[ksks2bot - ksks3bot]]
"ksks2bot-ksks3bot™
kset2bot = Array[0 &, {4, 4}];
For[i=1,1i<4, i++,
For[j=1, j<4, j++, For[k=1, k<4, k++,
For[1=1,1<4, 1++, kset2bot[[]j, k]] =
kset2bot[[j, k]] -bb[[i]] cc[[1]]
((ksidjbot.gsigg[[i, j, k, 1]1].
etachbot) [[1, 1]1)151515]
kset2bot = FullSimplify[kset2bot];
MatrixForm[kset2bot]
"kset2bot™
etks2bot = Array[0 &, {4, 4}];
For[i=1,i<4, i++,
For[j=1, j<4, j++, For[k=1, k<4, k++,
For[l1=1, 1<4, 1++, etks2bot[[]j, k]] =
etks2bot[[j, k]] -cc[[1i]] bb[[1]]
( (etadjbot.gsigg[[i, j, k, 1]1].
ksichbot) [[1, 111)1;51515]
etks2bot = FullSimplify[etks2bot];
MatrixForm[etks2bot]
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"etks2bot™
bc27 = Array [0 &, {4, 4}];
For[j=1, j<4, j++,
For[k =1, k<4, k++, bc27[[], k]] =
(-=2Ibbr[[j]] ccr[[k]] +2I bbr[[k]] ccr[]
j11) (ksidjbot.etachbot) [[1, 1]1]1;]15]
bceps = -2 (ksidjbot.etachbot) [[1, 1]]
FullSimplify[Activate[TensorContract]
Inactive[TensorProduct] [bb, cc,
LeviCivitaTensor[4]], {{1, 3}, {2, 6}}111;
MatrixForm[bceps]
"bceps™
kset3bot =
-2 FullSimplify[Activate[TensorContract|
Inactive[TensorProduct] [bb, gg, cc,
btbot], {{1, 2}, {4, 6}}]]] + 2 Transpose[
FullSimplify[Activate[TensorContract]
Inactive[TensorProduct] [bb, gg,
cc, btbot], {{1, 2}, {4, 6}}11]1] +
2 FullSimplify[Activate[TensorContract|[
Inactive[TensorProduct] [bb, cc, gg,
btbot], {{2, 3}, {1, 5}}]1] - 2 Transpose[
FullSimplify[Activate[TensorContract]
Inactive[TensorProduct] [bb, cc,

gg, btbot], {{2, 3}, {1, 5}}]1111] -
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2 FullSimplify[Activate[TensorContract|
Inactive[TensorProduct] [bb, cc, gg],
{{1, 4}, {2, 3}}11] btbot ;
MatrixForm[FullSimplify[kset2bot +
etks2bot - bc27 - kset3bot - bceps] ]
"kset2bot+etks2bot-bc-kset3bot-bceps™
etet2bot = Array[0 &, {4, 4}];
For[i=1,1i<4, i++,
For[j=1, j<4, j++, For[k=1, k<4, k++,
For[l=1,1<4, 1++, etet2bot[[j, k]] =
etet2bot[[j, k]] -cc[[1i]] cc[[1]]
( (etadjbot.gsigg[[i, j, k, 1]1].
etachbot) [[1, 1]1)151515]
etet2bot = FullSimplify[etet2bot];
MatrixForm[etet2bot]
"etet2bot™
etet3bot =
-2 FullSimplify[Activate[TensorContract|
Inactive[TensorProduct] [cc, gg, ccC,
ctbot], {{1, 2}, {4, 6}}]]] + 2 Transpose|
FullSimplify[Activate[TensorContract]|
Inactive[TensorProduct] [cc, g8,
cc, ctbot], {{1, 2}, {4, 6}}1111] -
FullSimplify[Activate[TensorContract]
Inactive[TensorProduct] [cc, gg, cc],
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{{1, 2}, {3, 4}}111 ctbot ;
MatrixForm[FullSimplify[etet2bot - etet3bot]]
"etet2bot-etet3bot”

Out[988]//MatrixForm=

O 0 0 0

© 0 0 0O

© 0 0 0O

© 0 0 0O
ouess- Z @GN

o= {{{OQ, @, -1, @}, {0, 0, 0, -1},
{-1, 0, 0, @0}, {0, -1, 0, 0}}, {{0, 0,0, 1},
{0, 0, 1,0}, {0, -1,0, 0}, {-1, 0, 0, 0} },
{{0, 0, 0, -1}, {0, 0, 1, 0}, {0, 1, O, O},
{-i, 0, 0, ©}}, {{0, 0, 1, 0},
{0, 0, 0, -1}, {-1, 0, 0, 0}, {0, 1, 0, 0}}}
ouroo- EME

Out[1013]//MatrixForm=

-1 ((bb@+bb1—j1bb2+bb3) (bb@ - bbl + i bb2 + bb3)
~ (bb@ - 1 bbl - bb2 + bb3) (bb@ + i bbl + bb2 + bb3)
21 ((bb@ +bb3) Conjugate

ournos- KSKS 2top



74 | lorentz4.nb

Out[1016]//MatrixForm=

0 0 0 0
© 0 0 0
O 0 0 0
© 0 0 0

o KSks2top-ksks3top

Out[1020]//MatrixForm=

-1 (Conjugate[eta2] (((bb® +bb3) (ccl+1icc2) - (b
-Conjugate[eta2] (((bb@ +bb3) (ccl+1cc2) + (l
i (Conjugatefeta2] (((bbl-1ibb2) (ccl+1icc2) +

ouroo- Kset 2‘t0p

Out[1024]//MatrixForm=

-1 (Conjugate[eta2] (((bb® +bb3) (ccl+1icc2) - (b
-Conjugate[eta2] (((bb@ +bb3) (ccl+1cc2) + (l
i (Conjugatefeta2] (((bbl-ibb2) (ccl+1icc2) +

Out[1025]= et k S Ztop

Out[1028]//MatrixForm=

0
2 (bb3 cc2 -bb2cc3) (Conjugate[eta2] Conjugate [k
2 (-bb3 ccl +bblcc3) (Conjugate[eta2] Conjugate [k
2 (bb2 ccl-bblcc2) (Conjugate[eta2] Conjugate[k:

Ou[1029]= b ce p S

Out[1031]//MatrixForm=

0 0
0 0
0 O
0 0 0

- KSet2top+etks2top-bc-kset3top-bceps

OO0
OO0
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Out[1035]//MatrixForm=

-1 ((CC@—FCCl-—j_CCZ—FCC3) (ccO® -ccl+1cc2+ccl3)

- (ccO®@-1ccl-cc2+cc3) (ccO+1ccl+cc2+cc3) !

21 ((cc@+cc3) Conjugate
owmpetetZtop

Out[1038]//MatrixForm=

0
%)
%)
%)

- @tet2top-etet3top

Out[1042]//MatrixForm=

-1 (- (bbl - 1ibb2)?+ (bb@ - bb3)?) Conjugate [ksi3]?
- ((bb1 - i bb2)?+ (bbe - bb3)?) Conjugate [ksi3]?
21 ((bb@ -bb3) Conjugatel

oo KSks2bot

Out[1045]//MatrixForm=

0 0 0
0 0 0
0 0 0
0 0 0

oo KSks2bot-ksks3bot

OO0
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Out[1049]//MatrixForm=

-1 (Conjugate[eta3] ( (- (bbl -1 bb2) (ccl-1icc2) +
Conjugate[eta3] ((- (bbl -1 bb2) (ccl-icc2) -
i (Conjugatefeta3d] ((- (bb@ -bb3) (ccl-1icc2) - (

ouoso- KSet2bot

Out[1053]//MatrixForm=

-1 (Conjugate[eta3] ( (- (bbl -1 bb2) (ccl-1icc2) +
Conjugate[eta3] ((- (bbl -1 bb2) (ccl-icc2) -
i (Conjugatefeta3d] ((- (bb@ -bb3) (ccl-1cc2) - (

ouoss- @TtkSs2bot

Out[1057]//MatrixForm=

0
-2 (bb3 cc2 -bb2cc3) (-Conjugate[etad] Conjugate
-2 (-bb3 ccl + bbl cc3) (-Conjugate[etad] Conjugate
-2 (bb2 ccl -bblcc2) (-Conjugate[etad] Conjugate
0Out[1058]= bceps
ommozaop;mmwoa: @ @ @
0 0 0 0
© 0 0 0
© 0 0 0
oo KSet2bot+etks2bot-bc-kset3bot-bceps

Out[1064]//MatrixForm=

-1 (- (ccl-1icc2)?+ (cc@-cc3)?) Conjugate[eta3]?

- ((ccl-1icc2)®+ (cco-cc3)?) Conjugate[eta3]?

21 ((ccO-cc3) Conjugate [¢
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aoss- @tet2bot

Out[1067]//MatrixForm=

oo @t@t2bot-etet3bot

This fragment of computation contains two similar parts corresponding to the cases where
& and 7 are eigenvectors of 7° with eigenvalue +1 and —1.
sig[[i.j]] — o™, gmt[[i]] — +*, bb[[i]] — By, cc[[i]] — C,. The computation shows that

—B,,BA{TA,,"(T"”“,’\{" = —2B"B\u’* + 2B° B\u** — B*Bu"°,

Out[1069]=

—(;‘NB)\I_]”,,“(TVU”,/\{(‘ — B,,('qu“(f”“”,/\zf = —-2B"C? + 2iB°C" —

2B C\v™ 4 2B7Cyv" = 2B O\ + 2B, CY 07 — 2B,C70" £ 2B, Creé™ ™,

and _(»‘vll(v/\]—},‘/;tn.urj,} /\]I(' — _2(v1/(‘v/\ (l,(r/\ + 2(‘V(T(‘V/\ “,1//\ _ (‘VA(‘V/\ WY

woo- T tOp cale™
uu = {{0, uul, uu2, uu3d}, {-uul, 9, I uu3d, -Tuu2},
{-uu2, -Tuu3, 0, ITuul},
{-uu3, Tuu2, -Tuul, 0}};
MatrixForm[uu]
"uu"
uu25 = FullSimplify[Activate[TensorContract]|
Inactive[TensorProduct] [uu, uu, gg, ggl,
{{1, 6}, {2, 8}, {3, 5}, {4, 7}}111;
MatrixForm[uu25]
"uu25"
uuhodge = FullSimplify[ (1/ 2) Activate]
TensorContract[Inactive[TensorProduct] [
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uu, LeviCivitaTensor[4], gg, gg],
{{1, 7}, {2, 9}, {5, 8}, {6, 10}}]11];
MatrixForm[uuhodge]
"uuhodge™”
FullSimplify[uu + I uuhodge]
vv = {{0, vvl, vv2, vv3}, {-vvl, O, Ivv3, -Ivv2},
{-vv2, -Tvv3, 0, ITvvl},
{-vv3, Ivv2, -Ivvl, 0}};
uuvv25 = FullSimplify[Activate[TensorContract|[
Inactive[TensorProduct] [uu, vv, gg, gg],
{{1, 6}, {2, 8}, {3, 5}, {4, 7}}111;
MatrixForm[uuvv25]
"uuvv25"
MatrixForm[gg];
uuvv = FullSimplify[Activate]
TensorContract[Inactive[TensorProduct] |
uu, gg, vwil, {{2, 3}, {4, 5}}111;
MatrixForm[uuvv]
"uuvv"
uuvvc = FullSimplify|
uuvv /. {vvl > (-uu2vv2 -uu3vv3) /uul}l];
MatrixForm[uuvvc]
"uuvvc”
uuvvc2 =
FullSimplify[uuvvc /. {uul”2 + uu2~2 -» -uu3”"2,
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uul”"2 +uu3d”*2 » -uu2" 2,
uu2*2 + uud”*2 » -uul”2}];
MatrixForm[uuvvc2]
"uuvvc2”
uuvvc3 =
FullSimplify[uuvvc2 uul / (uu3 vv2 - uu2vv3)];
MatrixForm[uuvvc3]
"uuvvc3”
MatrixForm[uuvvc3 + I uu]
MatrixForm|
uuvv + I uu /. {uulvvl + uu2 vv2 + uudvv3 -» 0,
-uul vvl - uu2 vv2 - uu3d vv3 - 0}]
"uuvv+I uu/.{uul vvli+uu2 vv2+uu3d vv3-0}"
{uul, uu2, uu3} +
Cross|[{uul, uu2, uu3d}, {vvl, vv2, vv3}]
"{uul,uu2,uu3d}+Cross[{uul,uu2,uu3d}, {vvl,vv2,vv3
1"
"bottom calc”
uu = {{9, uul, uu2, uu3d}, {-uul, 6, -Tuu3, I uu2},
{-uu2, Tuu3, 9, -Tuul},
{-uu3, -Tuu2, Iuul, 0}};
MatrixForm[uu]
"uu"
uu25 = FullSimplify[Activate[TensorContract]|
Inactive[TensorProduct] [uu, uu, gg, ggl,
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{{1, 6}, {2, 8}, {3, 5}, {4, 7}}111;

MatrixForm[uu25]

"uu25"”

uuhodge = FullSimplify[ (1/ 2) Activate]
TensorContract[Inactive[TensorProduct] [

uu, LeviCivitaTensor[4], gg, gg],
{{1, 7}, {2, 9}, {5, 8}, {6, 10}}111;

MatrixForm[uuhodge]

"uuhodge”

FullSimplify[uu - I uuhodge]

vv = {{0, vvl, vv2, vv3}, {-vvl, O, -Ivv3, Ivv2},

{-vv2, ITvv3, 0, -Ivvl},
{-vv3, -Ivv2, Ivvl, 0}};

MatrixForm[vv]

v

uuvv25 = FullSimplify[Activate[TensorContract[
Inactive[TensorProduct] [uu, vv, gg, gg],
{{1, 6}, {2, 8}, {3, 5}, {4, 7}}111;

MatrixForm[uuvv25]

"uuvv25”

MatrixForm[gg];

uuvv = FullSimplify[Activate]

TensorContract[Inactive[TensorProduct] [

uu, gg, vvl, {{2, 3}, {4, 5}}111;
MatrixForm[uuvv]
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"uuvv"
uuvvc = FullSimplify|
uuvv /. {vvl > (-uu2vv2 -uu3vv3) /uul}l];
MatrixForm[uuvvc]
"uuvvc"
uuvvce2 =
FullSimplify[uuvvc /. {uul”2 + uu2~2 -» -uu3”"2,
uul”®*2 + uu3*2 » -uu272,
uu2*2 + uud”*2 » -uul”2}];
MatrixForm[uuvvc2]
"uuvvc2"
uuvvc3 =
FullSimplify[uuvvc2 (-uul) / (uu3 vv2 - uu2 vv3) ];
MatrixForm[uuvvc3]
"uuvvc3”
MatrixForm[uuvvc3 + I uu]
MatrixForm|
uuvv + I uu /. {uulvvl + uu2vv2 + uudvv3 - 0,
-uulvvl - uu2 vv2 - uu3d vv3 - 0}]
"uuvv+I uu/.{uul vvli+uu2 vv2+uu3d vv3-0}"
{uul, uu2, uu3} -
Cross|[{uul, uu2, uu3d}, {vvl, vv2, vv3}]
"{uul,uu2,uu3d}-
Cross[{uul,uu2,uu3d}, {vvl,vv2,vv3}]"
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out[1070]= top ca 1 C

Out[1071])//MatrixForm=
() uul uuz2 uu3
—-uul %) 1uu3 -1uu2
-uu2 -1 uu3 0 1 uul
—uu3 1uu2 -1uul 0
ouriorz= UU

Out[1074]//MatrixForm=

_4 (uul2 +uu2? + uu32>

out[1075= uu25
Out[1077]//MatrixForm=
%) 1uul 1 uu2 1 uu3
-1 uul %) —-uu3 uu2
-1 uu2 uu3 %) -uul
-1 uu3 -uu2 uul 0
out[1078]= UUhOdge

out[1079]= {{e, e, @, @}, {@) @) @) 6}.’
{6, 0, 0,0}, {0,0,0, 0}}

Out[1082]//MatrixForm=

-4 (uulvvl + uu2 vv2 + uu3 vv3)

Out[1083]= u u VV 2 5

Out[1086]//MatrixForm=

uul vvl + uu2 vv2 + uu3d vv3 1 (-uu3 vv2 + uu2vv3l)
1 (Uuu3 vv2 - uu2 vv3) —uul vvl - uu2 vv2 - uu3 vv
1 (-uu3 vvl + uulvv3) -uu2 vvl + uul vv2
1 (uu2 vvl - uul vv2) —uu3 vvl + uul vv3

ouriosr= UUVV
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. il
(%] 1 (-uu3vv2 +uu2vvld) -—
1 (Uuu3 vv2 - uu2 vv3) %) -
i (uu2 uu3 vv2+ (uu12+uu32) vv3) (uu12+uu22) vVv2+Uu2 uu3 vv3
uul uul
i ( (uu12+uu22) vv2+uu2 uu3 vv3) uu2 uu3 vv2+ (uu12+uu32) vv3
B uul uul
ourtoss: UUVV C
Out[1090]//MatrixForm=
0 1 (—uu3 vv2 + uu2 yy3) Luuz(uu
1 (uu3 vv2 - uu2 vv3) 0 uu3 (uu3
1 uu2 (uu3d vv2-uu2 vv3) uu3 (-uu3 vv2+uu2 vv3)
uul uul
1 uu3 (uu3d vv2-uu2vv3l) uu2 (uu3dvv2-uu2vvl) _uu3 vv
uul uul
0out[1091)= uuvvcz
Out[1092]//MatrixForm=
0 -1uul -1uu2 -1uu3
1 uul (%) uu3 -uu?2
1uu2 -uu3 0 uul
1 uu3 uuz2 —uul 0

ouross- UUVVC 3

Out[1094]//MatrixForm=

%

%)
%)
%)

0 0 0
0 0 0
© 0 0
O 0 0
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Out[1095]//MatrixForm=
%) T uul+1 (—uu3d3vv2 + 1

—1uul + 1 (Uuu3vv2 - uu2vv3) %)
—1uu2+1 (-uu3vvl +uulvv3) uu3 - uu2 vvl + uu:
—1uu3 +1 (uu2vvl - uul vv2) -uu2 - uu3 vvl + uu

owros- UUVV+I uu/. {uul vvl+uu2 vv2+uu3d vv3-0}

owrcer- {UUL — UU3 VV2 + UU2 VV3,
uu2 + uu3 vvl - uul vv3, uu3 - uu2 vvl + uul vv2}

o= {UUL,UU2,uu3}+Cross | {uul,uu2,uud}, {vvl,vv2,vv3}

]

out[1099]= bottom Cca 1 C

e il uu2 uud
—uul 0 ~-1uu3 1 uu2
~uu2 1iuu3 o -iuul
~uu3 -i1uu2 iuul ©

ourito= UU
Out[1103]//MatrixForm=

4 (uul2 +uu2? + uu32>

Out[1104)= uu25
Out[1106]//MatrixForm=
%) —1uul -1 uu2 -1 uu3
1 uul 0 —-uu3 uu2
1 uu2 uu3 %) -uul
1uu3 -uu2 uul %)

out[1107]= UUhOdge
Out[1108]= {{e, e, @, @}, {@) 6) @J e})
{06, 0, 0,0}, {0,0,0,0}}
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Out[1109]//MatrixForm=

(%) vvl VV2 vv3
-vvl %) -1vv3 1vVvv2
-vv2 1Vvv3 (% -1 vvl
-vv3 -1vv2 1vvl (%)

ouritio= V'V
Out[1112])//MatrixForm=

-4 (uul vvl + uu2 vv2 + uu3 vv3)

oura- UUVV 25

Out[1116]//MatrixForm=

uul vvl + uu2 vv2 + uu3d vv3 1 (Uu3 vv2 - uu2 vv3)
1 (-uu3 vv2 + uu2vv3) -uul vvl - uu2 vv2 - uu3 vv
1 (uu3 vvl - uul vv3) -—uu2 vvl + uul vv2
1 (-uu2vvl +uulvv2) —uu3 vvl + uul vv3
ourit17= UUVV
Out[1118]//MatrixForm=
. 1 (uu2
%) 1 (Uuu3 vv2 - uu2 vv3) i (uu2
. uu
1 (-uu3d vv2 + uu2vv3) %) _ w
i (uu2 uu3 v2+ (uul?+uu3?) vv3) (uu1®+uu2?) vv2+uu2 uu3 vv3
B uul uul
i ((uul®+uu2?) vv2+uu2 uu3 vv3) uu2 uu3 vv2+ (uul®+uu3?) vv3 .
uul uul B
ouritig= UUVV C
Out[1120]//MatrixForm=
0 i (uu3 vv2 - yu2 yy3) Luuz(uus
1 (-uu3 vv2 + uu2 vv3) 0 uu3 (uu3’
1 uu2 (-uu3 vv2+uu2 vv3) uu3 (-uu3d vv2+uu2 vv3)
uul uul
1 uu3 (-uu3vv2+uu2 vv3) uu2 (uu3d vv2-uu2vvi) _uu3 vv

uul uul
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ourz- UUVV.C 2

Out[1122]//MatrixForm=

(%] -1 uul -1uu2 -1uu3
1 uul (%) -uu3 uu2
1 uu2 uu3 (%] -uul
1uu3 -uu2 uul (%]

ourtizz UWUVV C 3

Out[1124]//MatrixForm=

O 0 0 0
O 0 0 0
O 0 0 0
O 0 0 0

T %) 1uul +1 (uu3dvv2 - ul
—1uul +1 (-uu3vv2 + uu2vv3) %)
—1uUu2 + 1 (uu3vvl —uulvv3) —uu3 - uu2 vvl + uu:
—1uu3d3 +1 (-uu2vvl + uulvv2) uu2 - uu3 vvl + uul

crze- UUVV+I uu/ . {uul vvl+uu2 vv2+uu3 vv3-0}
oz {UUL + UU3 VV2 — Uuu2 vv3,

uu2 - uu3d vvl + uul vv3, uu3d + uu2 vvl - uul vv2}
owrze- {UUL,UU2,UU3 } -

Cross [ {uul,uu2,uu3}, {vvl,vv2,vv3}]
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This fragment of computation contains two similar parts corresponding to the cases where
the upper or lower signs are chosen in the section ”Formulation in terms of antisymmetric
second-rank tensors”.

uuf[Lj]] — w"™, vv[[ij]] - o™, wuvv[[ij]] - w07, wu25 - wuy,, auvv2s - 0y,

uuhodgel[i,j]] — *u.

. , 5 0o .
uuvve — uuvy after replacement 0%t — (—u%20%2 — ¢%3¢02) /4",

Out[1129]= uuvve2 — uuvve after replacement (u®)? + (u®2)? — —(u®)?, (u®H)? + (u*)? —

212 212 312 2
—(u®)?, (u®?)? + (u*)? — —(u"1)2
. . 01 . .
uuvved — uuvve? after multiplication by +—g5—g75 (We are trying to prove that if
. oo ,
+u = w0 — "% wuy, = 0, 0", = 0, then ut 07" = —u").
, > 0o . )
The computation shows that v/ u,,, = —4(v"u" +0%2u"? +0%u"), the equality w' 07" =
—iu is generally (if u’* # 0) equivalent to £u® = «®0"? — 420", and " 07" = —jut
S 0 o

o : -
implies u = Fu x v, where, for example, w = (u!, 1", u%%).

wo- U tOp cale™
attopsp = attop /. {ksil » 1, ksi2 - 0};
MatrixForm[attopsp]
"attopsp”
attopsphodge =
FullSimplify[ (1/2) Activate[TensorContract]|
Inactive[TensorProduct] [attopsp,
LeviCivitaTensor[4], gg, gg],
{{1, 7}, {2, 9}, {5, 8}, {6, 10}}]111];
MatrixForm[attopsphodge]
"attopsphodge”
FullSimplify[attopsp + I attopsphodge]
bttopsp =
bttop /. {ksil > 1, ksi2 - 0, etal » 0, eta2 » 1};
MatrixForm[bttopsp]
"bttopsp”
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cttopsp = cttop /. {etal » 0, eta2z > 1};
MatrixForm[cttopsp]
"cttopsp”
MatrixForm[ksidj.etach /.
{ksi3 » 9, ksi4 » 0, eta3 - 0, etad - 0,
ksil > 1, ksi2 - 0, etal » 0, eta2 » 1}]
"ksidj.etach/.{ksi3-0,ksi4-»0,eta3-»0,etad-0,ksil
-»1,ksi2-0,etal-»0,eta2-1}"
FullSimplify[Activate[TensorContract]
Inactive[TensorProduct] [attopsp, gg, g8,
attopsp], {{1, 3}, {2, 5}, {4, 7}, {6, 8}}]1]]
"attopsp~2”
FullSimplify[Activate[
TensorContract[Inactive[TensorProduct] [

bttopsp, gg, gg, bttopsp],
{{1, 3}, {2, 5}, {4, 7}, {6, 8}}]1]]
"bttopsp”2”
FullSimplify[Activate[
TensorContract[Inactive[TensorProduct] [

cttopsp, g8g, g8, cttopsp],

{{1, 3}, {2, 5}, {4, 7}, {6, 8}}11]]
"cttopspn2”
FullSimplify[Activate[TensorContract]

Inactive[TensorProduct] [attopsp, gg,

bttopsp], {{2, 3}, {4, 5}}11] + I attopsp
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" [attopsp,gg,bttopsp], {{2,3},{4,5}}+I attopsp]”
FullSimplify[Activate[
TensorContract[Inactive[TensorProduct] [

bttopsp, gg, 88, cttopsp],
{{1, 3}, {2, 5}, {4, 7}, {6, 8}}]1]]
"bttopsp cttopsp”
FullSimplify[Activate[
TensorContract[Inactive[TensorProduct] [

attopsp, gg, g8, cttopsp],
{{1, 3}, {2, 5}, {4, 7}, {6, 8}}]1]]
"attopsp cttopsp™
"bot calc"
atbotsp = atbot /. {ksi3 » -1, ksi4 » 0};
MatrixForm[atbotsp]
"atbotsp”
atbotsphodge =
FullSimplify[ (1/2) Activate[TensorContract]|
Inactive[TensorProduct] [atbotsp,
LeviCivitaTensor[4], gg, gg1,
{{1, 7}, {2, 9}, {5, 8}, {6, 10} }]11]1;
MatrixForm[atbotsphodge]
"atbotsphodge™
FullSimplify[atbotsp - I atbotsphodge]
btbotsp =
btbot /. {ksi3 » -1, ksi4 - 0, eta3 » 09, etad - 1};
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MatrixForm[btbotsp]
"btbotsp™
ctbotsp = ctbot /. {eta3 » 0, etad » 1};
MatrixForm[ctbotsp]
"ctbotsp”
MatrixForm[ksidj.etach /.
{ksi3 » -1, ksi4 - 0, eta3 50, etad - 1,
ksil -> 0, ksi2 -> 9, etal -> 0, eta2 -> 0}]
"ksidj.etach/.{ksi3-»-1,ksi4-0,eta3-0,etad-1,
ksil->0,ksi2->0,etal->0,eta2->0}"
FullSimplify[Activate[
TensorContract[Inactive[TensorProduct] [
atbotsp, gg, gg, atbotsp],
{{1, 3}, {2, 5}, {4, 7}, {6, 8}}]1]]
"atbotsp~2”
FullSimplify[Activate[
TensorContract[Inactive[TensorProduct] [
btbotsp, gg, gg, btbotsp],
{{1, 3}, {2, 5}, {4, 7}, {6, 8}}]1]]
"btbotsp”~2”
FullSimplify[Activate[
TensorContract[Inactive[TensorProduct] |
ctbotsp, gg, gg, ctbotsp],
{{1, 3}, {2, 5}, {4, 7}, {6, 8}}11]]
"ctbotsp”2”
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FullSimplify[Activate[TensorContract]|
Inactive[TensorProduct] [atbotsp, gg,
btbotsp], {{2, 3}, {4, 5}}]]] + I atbotsp
"[atbotsp,gg,btbotsp], {{2,3},{4,5}}+I atbotsp]”
FullSimplify[Activate[
TensorContract[Inactive[TensorProduct] [
btbotsp, gg, gg, ctbotsp],
{{1, 3}, {2, 5}, {4, 7}, {6, 8}}]1]]
"btbotsp ctbotsp™
FullSimplify[Activate[
TensorContract[Inactive[TensorProduct] [
atbotsp, gg, gg, ctbotsp],
{{1, 3}, {2, 5}, {4, 7}, {6, 8}}]1]]
"atbotsp ctbotsp”

Out[1130]= top Calc

Out[1131]//MatrixForm=

© 11 ©
-1 0 0 -1
-1 06 0 -1
© 11 ©

ouf[1132]= attop S p
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Out[1134]//MatrixForm=

© -1 1 ©
1 0 o0 1
-1 0 0 -1
© -1 1 ©

Out[1135]= attops phOdge

Out[1136]= {{@, e, @, @}, {@) @_) @) @}J
{6, 0, 0,0}, {0,0,0,0}}

Out[1137]//MatrixForm=

O 0 0 -1
© 06 1 ©
O -1 0 ©
1 0 0 0

Out[1138]= bttop S p

Out[1139]//MatrixForm=

© -1 1 ©
1 0 0 -1
-1 6 0 1
O 1 -1 ©

out[1140]= Cttop S p

(1)
o Ksidj.etach/. {ksi3—0,ksi4—0,eta3-0,etad-0,ksil
-»1,ksi2—0,etal-0,eta2—1}

o @
o attopsph2
S

oo bttopsph2



Out[1147]=

Out[1148]

Out[1149]

Out[1150]=

out[1151]=

Out[1152]

Out[1153]=

Out[1154]

Out[1155]

Out[1156]

Out[1157]

Out[1159)]

Out[1160]

Out[1161]
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0
- cttopsp”2
-{{0, 0, 0, 0}, {0, 0, 0, 0},

{0, 0, 0, 0}, {0, 0, 0, 0}}
[attopsp,gg,bttopsp],{{2,3},{4,5}}+1 attopsp]
0
- bttopsp cttopsp

-8

- attopsp cttopsp

-bot calc

,rs’MatrixFOmé ]l 1 @
-1 @0 o 1
-1 0 0 1
0 -i -1

-atbotsp

f,‘MatanOm‘é 1 _ j]_ 9
-1 6 o0 1
i @ @ -i
e -1 i @

- atbotsphodge

- {{@J e: @, @}) {@: @) @) @})
{0, 0, 0,0}, {0, 0,0, 0}}
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Out[1162]//MatrixForm=

@ 0 0 1
O 0 1 0o
O -1 0 0o
-1 © O ©

oues- DEbDOTS P

Out[1 164]fr’|\481?‘|><f:0r'mé B ]j_ 1 @
1 © 0 1
-1 © 0 -1
© -1 1 ©

Out[1165]= Ct bOt S p

(1)
oo Ksidj.etach/. {ksi3—»-1,ksi4-0,eta3-0,etad->1,ksil
->0,ksi2->0,etal->0,eta2->0}
ouriios- @
cee- atbotsp™h2
outtror 4
onr- btbotsp™2
ourrz- @
- Ctbotspih2
- { {0, @, @, O}, {0, 0, 0, O},
{0, 0, 0, 0}, {0, 0, 0, 0}}
«wrs- [atbotsp,gg,btbotsp], {{2,3},{4,5}}+1I atbotsp]
oupirer @
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«c- btbotsp ctbotsp
Out[1178]= —8
out1179)= atbOtSp Ctbotsp

This fragment of computation contains two similar parts corresponding to the cases where
the upper or lower signs are chosen in the section ”Formulation in terms of antisymmetric
second-rank tensors”.

attopsp|[i,j]], bttopsp|[i.j]], cttopsp[[i,j]] — tensors u”, v"¥ wH” for upper signs after sub-

stitution of specific values of the spinors

1 0
; 0 1
€ 1=

0 0

0 0

Out[1180]=

atbotsp[[i,j]], btbotsp[[i,j]], ctbotspl[[i,j]] — tensors w”, v"” w" for lower signs after sub-

stitution of specific values of the spinors

0 0

0 0
E = . ]] poms

-1 0

0 1

The computation shows that several equalities hold for the specific values of

o ut ol kv
- ' top cale”

uu = {{0, uul, uu2, uu3d}, {-uul, 0, I uu3d, -Tuu2},
{-uu2, -Tuu3, 0, ITuul},
{-uu3, Tuu2, -Iuul, 0}};

MatrixForm[uu]

"uu"

ff = {{0, -eel, -ee2, -ee3}, {eel, 0, -hh3, hh2},
{ee2, hh3, 0, -hhl1}, {ee3, -hh2, hhl, 0}};

| 95
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MatrixForm[ff]
g
ffuu = FullSimplify[Activate[TensorContract]
Inactive[TensorProduct] [ff, gg, gg, uu],
{{1, 3}, {2, 5}, {4, 7}, {6, 8}}]11;
MatrixForm[ffuu]
"ffuu"
"bottom calc”
uu = {{0, uul, uu2, uu3d}, {-uul, 9, -IT uu3, Iuu2},
{-uu2, Tuu3, 9, -Tuul},
{-uu3, -Tuu2, Iuul, 0}};
MatrixForm[uu]

uu
ff = {{0, -eel, -ee2, -ee3}, {eel, 0, -hh3, hh2},
{ee2, hh3, 0, -hhl}, {ee3, -hh2, hhl, 0}};

MatrixForm[ff]

g

ffuu = FullSimplify[Activate[TensorContract]
Inactive[TensorProduct] [ff, gg, gg, uu],
{{1, 3}, {2, 5}, {4, 7}, {6, 8}}111;

MatrixForm[ffuu]

out[1181]= top Cca l C



Out[1182]//MatrixForm=

(%) uul uuz2 uu3

-uul %) 1uu3 -1 uu2
-uu2 -1 uu3 0 1 uul
-—uu3 1uu2 -1uul %)
ourtez= UU
Out[1184]//MatrixForm=

O -eel -ee2 -ee3
eel %) -hh3 hh2
ee2 hh3 (5] -hhl
ee3 -hh2 hhl (5]

Out[1185]= -F-F

Out[1186]//MatrixForm=

2eeluul-21

lorentz4.nb | 97

(hh1luul + 1 ee2 uu2 + hh2 uu2 + 1 ee3 uu3 + hh3 uu3)

out[1187)= 'F'Fu u

o DOttom calc

Out[1189]//MatrixForm=

(%) uul uuz2 uu3
-uul (%] -1 uu3 1uu2
-uu2 1 uu3 (%] -1 uul
-uu3 -1uu2 1uul (%)
ourreo= UU
Out 161 YMatixForm=

O -eel -ee2 -ee3
eel %) -hh3 hh2
ee2 hh3 (5] -hhl
ee3 -hh2 hhl (%]

out[1192]= 'F‘F
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Out[1193]//MatrixForm=

2 (eeluul + i hhluul +
ee2 uu2 + 1 hh2 uu2 + ee3 uu3 + 1 hh3 uu3)

This fragment of computation contains two similar parts corresponding to the cases where
the upper or lower signs are chosen in the section ”Formulation in terms of 3D vectors”.

uu([i,j]] — u, eel, ee2, ee3 — E', E* E* hhl, hh2, hh3 — H', H? H?, f[[i,j]] - F*.

out[1194]=

The computation shows that, e. g., F,,u" =2(u- (E FiH)).



